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Résumé

Nous élaborons et analysons mathématiquement des approximations numériques par des méthodes de type vo-
lumes finis de solutions faibles de systemes hyperboliques pour des écoulements géophysiques.

Dans une premiére partie nous approchons les solutions du systéme de la magnétohydrodynamique en faible
épaisseur avec un fond plat. Nous développons un schéma de type Godunov utilisant un solveur de Riemann
approché défini via une méthode de relaxation. Des expressions explicites sont établies pour les vitesses de
relaxation, qui permettent d’obtenir un schéma satisfaisant un ensemble de bonnes propriétés de consistance et
de stabilité. Il conserve la masse, préserve la positivité de la hauteur de fluide, vérifie une inégalité d’entropie
discrete, résout les discontinuités de contact méme résonantes, donne des vitesses de propagations contrélées
par les données initiales. Des test numériques sont effectués, validant les résultats théoriques énoncés.

Dans une seconde partie nous approchons les solutions du systeme de la magnétohydrodynamique en faible
épaisseur avec fond variable. Nous développons un schéma équilibre pour certains états stationnaires au repos.
Nous utilisons la méthode de reconstruction hydrostatique, avec des états reconstruits pour la hauteur d’eau
et les composantes du champ magnétique. Nous trouvons des termes correctifs pour les flux numériques par
rapport au cadre habituel, et nous prouvons que le schéma obtenu préserve la positivité de la hauteur d’eau,
vérifie une inégalité d’entropie semi-discrete et est consistant. Des test numériques sont effectués, validant les
résultats théoriques.

Dans une troisieme partie nous établissons la convergence d’un schéma cinétique avec reconstruction hydrosta-
tique pour le systeme de Saint-Venant avec topographie. De nouvelles estimations sur le gradient des solutions
approchées sont obtenues par ’analyse de la dissipation d’énergie. La convergence est obtenue par la méthode
de compacité par compensation, sous des hypotheses sur les données initiales et la régularité du fond.

Mots clés : schémas volumes finis, schémas de relaxation, solveur de Riemann approché, shallow water, magné-
tohydrodynamique, discontinuités de contacts, inégalité d’entropie discrete, schémas équilibre, reconstruction

hydrostatique, schéma cinétique, convergence, dissipation.



Résumé

Abstract

We build and analyze mathematically numerical approximations by finite volume methods of weak solutions to
hyperbolic systems for geophysical flows.

In a first part we approximate the solutions of the shallow water magnetohydrodynamics system with flat bot-
tom. We develop a Godunov scheme using an approximate Riemann solver defined via a relaxation method.
Explicit formulas are established for the relaxation speeds, that lead to a scheme satisfying good properties of
consistency and stability. It preserves mass, positivity of the fluid height, satisfies a discrete entropy inequality,
resolves contact discontinuities, and involves propagation speeds controlled by the initial data. Several numerical
tests are performed, endorsing the theoretical results.

In a second part we approximate the solutions of the shallow water magnetohydrodynamics system with non-flat
bottom. We develop a well-balanced scheme for several steady states at rest. We use the hydrostatic reconstruc-
tion method, with reconstructed states for the fluid height and the magnetic field. We get some new corrective
terms for the numerical fluxes with respect to the classical framework, and we prove that the obtained scheme
preserves the positivity of height, satisfies a semi-discrete entropy inequality, and is consistent. Several numerical
tests are presented, endorsing the theoretical results.

In a third part we prove the convergence of a kinetic scheme with hydrostatic reconstruction for the Saint-Venant
system with topography. Some new estimates on the gradient of approximate solutions are established, by the
analysis of energy dissipation. The convergence is obtained by the compensated compactness method, under
some hypotheses concerning the initial data and the regularity of the topography.

Key words : finite volume schemes, relaxation schemes, approximate Riemann solver, shallow water, magneto-
hydrodynamics, contact discontinuities, discrete entropy inequality, well-balanced schemes, hydrostatic recons-

truction, kinetic scheme, convergence, dissipation.
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Introduction

0.1 Introduction générale

0.1.1 Modeles de type Saint-Venant

Dans ce travail de these on s’intéresse a des écoulements gravitaires a surface libre en couche
fine, il est donc intéressant de commencer par présenter le systeme de Navier-Stokes, qui décrit
de maniere complete un écoulement gravitaire a surface libre se déplacant sur un fond avec
topographie z(z,t). Pour simplifier négligeons les effets de viscosité et de friction, le systeme
de Navier Stokes se réduit alors au systeme d’Euler. En notant les directions horizontales et

verticales x et z respectivement, ce systeme s’écrit

Byt + 0w = 0, (0.1.1)
Ot + 0y (u?) + 0 (uw) + Oup = Oy (2u0,u) + 0- (1. (Do + Dpw)) (0.1.2)
Ow + Oy (uw) + 0. (w?) + 0op = —g + Or (1 (Ot + Dpw)) + 0 (2pd:w) (0.1.3)

ces équations étant définies pour
t>ty, zeR, zxt)<z<n(xt), (0.1.4)

ot n(x,t) représente I'élévation de la surface libre, u = (u, w)” le vecteur vitesse, p la densité,

g l'accélération gravitationnelle et p un coefficient de viscosité.

Rappelons deux difficultés pour la résolution de ce systeme. La premiere concerne 1'utilisation
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d’un maillage mobile pour discrétiser la surface libre (apparition, disparition de zones seches
et topologie du domaine fluide). La deuxiéme se situe au niveau de la nature riche du systeme
Navier-Stokes (turbulences, tourbillons, instabilités d’écoulements). On souhaiterait donc utili-
ser des descriptions qui d'une part soient moins riches mais plus explicites, et d’autre part qui
permettraient d’utiliser un maillage fixe. Les systemes de type Saint-Venant font partie de ces

descriptions.

Le systeme de Saint-Venant, aussi appelé systeme Shallow Water, a été initialement introduit
dans [50]. C’est un systeme hyperbolique décrivant I’écoulement d’eau dans un canal rectiligne
a fond plat en terme de hauteur d’eau h(t, z) et de vitesse moyennée selon la direction verticale
u(t,z) :

Oh + D (hu) = 0, (0.1.5)
0u(lu) + 0, (I + ;gh2> o, (0.1.6)

ou g désigne la gravité. La seconde variable conservative ¢(t,x) = h(t, x)u(t, z) considérée dans
ce modele désigne le débit. Dans sa version bi-dimensionnelle, ce modele permet de modéliser
bon nombre de phénomenes impliquant des fluides géophysiques a surface libre en écoulement
"peu profond”.

b

On s’intéresse désormais a des modeles dits ” de type Saint-Venant”, plus complexes que le
modele original (0.1.5)-(0.1.6), ils sont obtenus a partir du systeme de Navier-Stokes, dans
lequel on peut faire des hypotheses simplificatrices pour des écoulements en couche fine, telles

que

e la pression est hydrostatique ou de maniere équivalente ’accélération du fluide peut étre

négligée par rapport aux effects gravitationnels,

e la vitesse horizontale du fluide est approché de maniere satisfaisante par sa moyenne

verticale.

Concernant les travaux déja effectués sur la dérivation du modele, dans [61, 65, 77], le systeme
de Saint-Venant est obtenu a partir d'un développement asymptotique pour des € petits dans
les équations de Navier-Stokes en deux dimensions, ol € représente le rapport de la longueur
caractéristique de I’écoulement sur sa hauteur caractéristique. Il est supposé également que la

friction au fond et la viscosité sont d’ordre de grandeur e.

Ajoutons a cela que le systeme de Saint-Venant a un intérét au niveau de son cadre mathéma-

tique car le systeme sans friction ni viscosité peut étre vu comme un cas particulier du systeme
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pour la dynamique des gaz. L’existence des solutions pour ce systéme a été démontré, voir [75]

et les références qui s’y trouvent.

Mentionnons maintenant quelques uns de ces modeles en couche mince.

e Le modele Ripa introduit dans [53, 87, 88| prend en compte les variations de température
et modélisent les courants océaniques. Le point délicat du point de vue approximation
numeérique est de préserver les états d’équilibre de ce modele, pour plus de détails, on

pourra lire [46, 55, 56] et les références qui y sont citées.

e Des modeles pour des écoulements gravitaire a surface libre de fluides élastiques (fluides
non-Newtonien) [26, 35, 76, 79].

e Des modeles de type Savage Hutter [31, 60, 95], ot I'on relache les hypotheses sur la pente
de I'écoulement par rapport au cas Saint-Venant avec en vue des applications pour les

écoulements de matériaux granulaires par exemple des avalanches avec débris.

e Le modele de Saint-Venant Exner [5, 69], ou les équations de Saint-Venant sont couplées
avec une loi de conservation de sédiment pour étudier les mouvements de sédiment dans

les écoulements fluviaux.

e Le modele de shallow water magnetohydrodynamic, ot 'on applique un régime d’eaux
peu profondes aux équations magnétohydrodynamique incompressibles avec gravité, afin
d’étudier les mouvements de plasmas en couche fine, ¢’est un des modeles étudiés dans

cette these, nous donnons des références sur ce modele un peu plus loin.

e Un modele shallow water non-hydrostatique [38], avec des termes dérivées d’ordre élevé,
qui se rapproche du modele Boussinesq et qui permettent de mieux observer les propaga-
tion d’ondes longues, ce qui est utile dans I'optique de prévision des vagues de tsunami

par exemple.

e Des modele multi-couches, qui permettent d’enrichir la discrétisation de la vitesse verticale
[1, 9, 10, 106],

e Modele avec une nouvelle approche de dérivation a partir des équations d’Euler [93].

Il y a donc un intérét persistant autour des systemes de type Saint-Venant, et les chercheurs
voudraient affaiblir voire s’affranchir de certaines hypotheses faites lors de la dérivation a partir
des équations de Navier-Stokes. De plus on souhaiterait trouver des modeles sur lesquels on

pourrait adapter des méthodes numériques développées précédemment sur d’anciens modeles.
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Par conséquent un équilibre est a trouver entre la dérivation de nouveaux modeles plus sophis-

tiqués et la perspective d’une bonne approximation des solutions de ces nouveaux modeles.

Dans ce travail de these, seule la partie approximation a été exploré, la dérivation du modele
est soit considérée comme acquise, soit effectuée de maniere formelle, la justification rigoureuse

reste une question ouverte, pouvant faire I’'objet d’un travail ultérieur.

0.1.2 Schémas de type volumes finis pour des lois de conservation

Nous faisons le choix ici d’une discrétisation par des méthodes de type volumes finis, inti-
mement liées au caractere hyperbolique des systeme de type Saint-Venant et au fait qu’il s’agit

- au moins partiellement - de lois de conservation, qui peuvent s’écrire sous la forme suivante :
U + 0, F(U) = 0. (0.1.7)

La méthode des volumes finis pour des systemes de lois de conservation [59, 67, 74, 99] présente
le grand intérét d’étre intrinsequement conservative et s’adapte tres bien a ’aspect discontinu
des solutions. Il s’agit ici de découper I'espace en cellules puis d’intégrer le systeme (0.1.7)
sur chaque cellule et sur un pas de temps. En une dimension d’espace, un schéma volume fini

explicite peut donc s’écrire sous la forme générale suivante

At
Urtt = Uit + g, Fire = Fiage) =0, (0.1.8)

Z;
ou At, Az; représentent respectivement le pas de temps et le pas d’espace, U]* représente la
moyenne de la solution sur la cellule C; au temps t", et ou Fj/, représente le flux numérique
a l'interface entre les cellules C; et C;,1. Ces flux aux interfaces font naturellement intervenir
les valeurs des variables aux interfaces, qui ne sont pas connues. Les flux aux interfaces pour

un schéma a trois points prennent alors la forme suivante

Fipapp = F(UT, UL). (0.1.9)
Développer une méthode volumes finis consiste donc a définir, a partir des valeurs des variables
aux noeuds du maillage, un flux numérique qui soit consistant avec le systeme continu, et, si

possible, préserve ses propriétés de stabilité.

Pour les systemes homogenes de type Saint-Venant, nous nous concentrons sur deux propriétés

de stabilités, conserver la hauteur de fluide positive et vérifier une inégalité d’entropie discrete.
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Cette derniere propriété permet a la fois de calculer numériquement des discontinuités admis-
sibles mais également d’avoir une stabilité globale, du fait qu'une quantité mesurant la taille
globale des données doit décroitre. On cherche donc a obtenir une inégalité de la forme suivante :

" n At
n (Ui H) —n(U") + E(GiJrl/Z —Gi12) <0 (0.1.10)

avec 7 une entropie du systéme et G112 un flux d’entropie discret qu’on souhaite étre consis-
tant avec le flux d’entropie du systeme. De plus lorsque I'on établit des propriétés de stabilité
rigoureusement, une des difficultés est de ne pas obtenir trop de diffusion numérique, qui sup-

primerait tout intérét pratique du schéma.

D’autres difficultés peuvent survenir en fonction de la complexité des équations. Par exemple
on souhaite obtenir une condition de Courant (CFL) qui ne soit pas trop restrictive. On cherche
également des formules explicites car les méthodes itératives peuvent etre couteuse et induire
un temps de calcul trop important. Enfin, pour les systemes qui ont des termes sources, on veut
résoudre des solutions particulieres, ce qui permet d’améliorer la précision et la stabilité des
schémas obtenus. Les méthodes reconnues satisfaisant ces criteres sont les méthodes utilisant
un solveur approché (Roe [36, 73, 78, 89]) ou les méthodes avec un systeme de relaxation (HLL,
HLLC, relaxation, Suliciu, cinétique, [24, 45, 49, 70, 72, 82, 100, 101]).

0.1.3 Objectifs numériques pour des écoulements en couche mince

Les objectifs numériques que I'on se fixe afin d’approcher de maniere satisfaisante les solu-

tions de systemes de type Saint-Venant sont
e préserver la positivité de la hauteur de fluide,

e vérifier une inégalité d’entropie discrete, qui est ’analogue d’une inégalité d’énergie dans

le cas continu,

e trouver un compromis entre précision et stabilité pour la résolution des discontinuités, on
souhaite étre optimal au niveau de la diffusion numérique par la résolution de disconti-

nuités de contact,
e gérer des problemes additionnels de consistance dans le cas d’un systeme non-conservatif,

e vérifier une propriété d’équilibre entre termes différentiels et termes sources dans le cas

d’'un systeme non-homogene.
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Nous allons maintenant introduire un modele de type Saint-Venant, le modele shallow wa-
ter magnetohydrodynamic, puis décrire la démarche qui nous a permis d’obtenir un schéma

remplissant les objectifs numériques énoncés précédemment.

0.2 Solveur approché multi-ondes par relaxation pour
shallow water MHD

0.2.1 Modele utilisé et état de ’art

On considere les équations shallow water magnetohydrostatique, que 'on notera shallow
water MHD ou SWMHD par la suite. Dans le cas ou I'état du systeme dépend d’une variable

spatiale z en une dimension et du temps ¢, ce systeme s’écrit

Oh + 0. (hu) =0, (0.2.1)
Op(hu) + 0,(hu® + P) = 0, (0.2.2)
Oy (hv) + 0, (huv + Py) =0, (0.2.3)
O¢(ha) + udy(ha) = 0, (0.2.4)
9y (hd) + 9, (hbu — hva) + vd,(ha) = 0, (0.2.5)
avec
h2
P = 95— ha®*, P, = —hab. (0.2.6)
On dispose également d’une inégalité d’énergie
Lo oy 1o 15 0y
(9t(§h(u +v%) + §gh + Eh(a + b)) (0.2.7)

—i—@z([;h(uz +0%) 4 gk + ;h(cﬂ + )]u — ha(au + bv)]) < 0.

Les équations SWMHD sont dérivées a partir partir des équations de magnétohydrodynamique

incompressible avec gravité [107], a I'aide de deux hypotheses :

e approximation uniforme dans la direction verticale, qui permet remplacer les variables de
vitesses et de champs magnétiques par leurs valeurs moyennes entre le fond et la surface
libre,

e ’hypothese de pression magnétohydrostatique, qui consiste a considérer que 1’accélération



Introduction

verticale est faible, ce qui permet d’avoir une relation d’équilibre sur le terme de pression

totale.

Le modele shallow water MHD ([51, 52, 66]) a été introduit afin de modéliser une couche fine
de 'atmosphere du soleil, appelée tachocline. Cette couche du soleil est positionnée entre la
couche interne, a rotation solide, du soleil et la couche externe, a rotation convective. L’étude
de cette derniere est un enjeu pour mieux comprendre le mécanisme de dynamo du soleil ainsi
que les éruptions solaires.

Concernant les travaux effectués sur ce modele, quelques tests numériques ont été effectués,
via une méthode par ondes de propagation [90], qui apparait comme une méthode précise mais
qui ne permet pas d’étudier la stabilité du schéma, qui risque donc de perdre la positivité de
la couche de fluide ou de résoudre des chocs non admissibles. D’autres tests ont été effectués
via une méthode cinétique [85], ce type de méthode étant reconnu comme stable mais diffusive,
manquant précision dans le calcul de certaines discontinuités. A la connaissance de 'auteur,
aucun schéma numérique prenant en compte de conserver la positivité du fluide, de résoudre
exactement les contacts et de prendre en compte la topographie n’avait été étudié. C’est une

des contributions nouvelle de ce travail de these.

0.2.2 Solveur de Rieman approché

Une méthode maintenant classique pour approcher les solutions de (0.1.7) est de suivre
I'approche de Godunov ( [68, 70]). On considére des approximations constantes par morceaux
de la variable U, que l'on note U et en invoquant un solveur de Riemann aux interfaces
R(z/t, U, U ) entre deux mailles.

Notre travail s’inscrit dans la continuité des travaux effectués sur les solveurs approchés de
Riemann, qui ont d’abord été construits pour des systemes de taille deux [70], puis trois [58, 100],
et maintenant étendu a des systemes de tailles supérieurs([3, 24, 26, 27]). Nous rappelons
qu’une des difficultés pour ces solveurs est la résolution exacte des discontinuités de contact. En
effet ces dernieres ne bénéficient pas de phénomene de compression et nécessite d’étre résolues
exactement. Cela a été rendue possible grace a I'utilisation de solveurs avec des structures multi-
ondes. Il est également possible de modifier certaines de ces méthodes pour qu’elles résolvent
en plus des chocs stationnaires [33, 42].

Parmis ces méthodes on distingue celles utilisant un systeme de relaxation, par exemple le
systeme Suliciu pour le systeme Euler qui a permis d’étre étendu a d’autres systémes ([13, 24,
26, 27, 47, 96, 97]). Ces méthodes sont en fait des cas particuliers de méthodes de relaxation

qui une structure simple et permettent une analyse des conditions d’entropicité des schémas
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associés ([22, 24, 45, 48, 72]). Ce choix de discrétisation sera privilégié par 'auteur car il permet
a la fois une résolution exacte des contact et de faire une analyse d’entropicité qui conduit a
des schémas qui préserve la positivité de la hauteur de fluide et vérifie une inégalité d’entropie

discrete.

0.2.3 Systeme SWMHD, systeme SWMHD relaxation, principaux

résultats

Ici on applique la méthode Sulicu pour Euler, on dérive a partir de solutions régulieres du
systeme (0.2.1)-(0.2.5) les équations sur P, P, (0.2.6) suivantes :

O;(hP) + 0,(hPu) + h? <a2 + gh) O, u =0,
Oy(hPy) + 0,(hPLu) + (ha)*d,v = 0,

Ensuite, on introduit de nouvelles variables 7 et 7, , et deux parameétres ¢? et ¢2

Ou(hm) + Op(hmu) + 20,u = 0,
Op(hmy) + Op(hmiu) + 200 = 0,

On obtient le systeme de relaxation suivant :

Oih + 0, (hu) = 0, (0.2.8)
Op(hu) 4 Oy (hu? + ) = 0, (0.2.9)

O(hv) + Oy (huv 4+ 7)) (0.2.10)

0,(ha) + uds( (0.2.11)

O¢(hb) + 0, (hbu — hav) + v0,( : (0.2.12)
(0.2.13)

( )

ha) =
ha) =

Oy(hm + Op(hmu) + *0,u = 0, 0.2.13
Oy(hm ) + Oy(hmu) + 20,v = 0. 0.2.14

Un solveur approché de Riemann peut étre alors défini & partir des valeurs gauche et droite a

une interface de la variable

U = (h, hu, hv, ha, hb), (0.2.15)

de la maniere suivante :
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e on résout (0.2.8)-(0.2.14) avec les valeurs initiales de pression relaxée 7 et 7, suivantes :

0 = (gh2/2+ha) = P(hy, (ha),),
(m1)i = (—hab) = Pyi(h, (ha), (hb):)
(m1)r = (—hab), = Py(hy, (ha),, (hb),)

et des valeurs pour ¢, , ¢, ¢, and ¢, que nous préciserons par la suite.

e on ne retient de cette solution que les variables h, hu, hv, ha, hb. Le résultat est un solveur

approché de Riemann.
Cette approche par relaxation nous permet d’obtenir les propriétés suivantes :

e toutes les valeurs du systeme de relaxation (0.2.8)-(0.2.14) sont linéairement dégénérées.
Cette propriété permet d’obtenir un solveur simple, i.e. constant par morceaux en la va-
riable £ = x/t. Le systeme SWMHD sans relaxation était consituté de 2 valeurs propres
extremes non-linéaires et de 3 valeurs propres internes linéairement dégénérés. La réso-
lution de son probleme de Riemann aurait entrainé un solveur impliquant des chocs, des
détentes et des contacts, ce qui aurait été bien plus difficile a résoudre, voire impossible

d’obtenir des formules implémentables.

e la stabilité (entropicité, positivité de la hauteur de fluide) et I'optimalité de la diffusion

numérique (résolution des contacts), grace a I'ajustement des parametres ¢ et c,.

En effet, on obtient également & partir des solutions régulieres de (0.2.8)-(0.2.14) et en combi-

nant ces différentes équations, 1’ équation conservative de type entropie suivante :

w v P 2 1 ham |
h|—+— L —+ =, ha,b— 2.1
3t< [2+2+20+22+¢<h+02’ a, CZ )1) (O 7)
w? v wr oml 1 ham
—i—@x <h [2+2+2§+2?L+¢<h+§,ha,b— CZ u (0218)
+0, (ru+m v) =0 (0.2.19)

Cette derniere équation permet d’analyser finement les conditions d’entropicité du schéma et

de trouver les valeurs explicites suivantes :

Cal = h|a|la Cap = hr|a|7‘a (0220)
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3 T, — T
c = hlSl + ihl ((Ul — UT)+ -+ <l)+> y

his; + h,s,

(m — m)+> ’

his; + h,s,

(0.2.21)
¢ = hys, + ;)h,, ((ul — Uy +

s =1/gh + a?. (0.2.22)

Ces valeurs ont permis de démontrer le résultat suivant :

avec

Theorem 0.1. Le choix de vitesse de relaxation (0.2.20)-(0.2.21) définit un solveur de Riemann
qui vérifie une inéqalité d’entropie discrete, conserve la positivité de la hauteur de fluide, résout
exactement les discontinuités de contact, implique une vitesse de propagation bornée en fonction

des données initiales.

Ce résultat consistitue une des contributions novatrices de cette these en ce qui concerne

I’approximation des solutions du systeme Shallow Water MHD.

0.3 Schéma équilibre pour shallow water MHD avec to-
pographie

0.3.1 Schéma équilibres

Afin de décrire 'approwimation du systeme SWMHD avec topographie, considérons un

systeme de lois de conservation non homogene avec source
U+ 0, F(U)=-B(U)o,.Z, (0.3.1)

Pour ce type de systeme, il est reconnu la majorité des applications, le régime d’écoulement

intéressant est le régimes stationnaire, qu’on peut écrire de la maniere suivante :
0,F(U)=-B(U)d,Z. (0.3.2)

On souhaite donc trouver des méthodes numériques qui conservent ces états d’équilibre. On
peut faire un parrallele entre ce probleme et le probleme de résolution des contacts que 1’'on a
rencontré pour les systemes homogenes. En effet en considérent le systeme (0.3.1) sous forme

une quasi-linéaire on s’apercoit que les solutions stationnaires que I’on souhaite conserver sont

10
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en fait des contacts associés a la valeur propre 0.

Une méthode reconnu pour satisfaire cette propriété est la reconstruction hydrostatique ([6, 24]).
Cette méthode suppose que 'on ait approché le systéme sans terme source au moyen d’une
méthode de volumes finis avec un certain flux numérique, notons le Fyonocene (U, U,) pour
la suite. Ensuite I'idée est d’introduire des états reconstruits Ul#, U# qui satisfont une propriété
d’équilibre. Enfin on peut définir un nouveau flux numérique Fsoyrcor (Ui, U,) de la maniere
suivante :

Fsource(Ui, Uy) = Fromocens(Uf, UX) + C(U, U, U, U#). (0.3.3)

r

ou C(U,U,, Ul#, U#) est un terme de correction & déterminer, afin d’assurer la consistance et
la stabilité de la méthode.

0.3.2 Traitement de la topographie pour le systéeme shallow water
MHD

Dans le cas d'un systeme non-homogene, nous avons vu précédemment qu’un des objectifs
étaient de résoudre certaines solutions stationnaires ou de maniere équivalente des contacts
associés a la valeur propre 0. Pour le systeme SWMHD, la particularité est qu’il y a quatre

valeurs propres auxquelles sont associées des discontinutés de contact :
u, w—la|l, wu+lal, O,

qualifiés respectivement de matériel, d’Aflven gauche, d’Alfven droite et de contact associé au
fond. Les cas qui nous intéressent sont les cas de résonnances avec le contact au fond, i.e. les
cas ou différentes valeurs propres deviennent égales a 0. Parmi les différents cas possibles nous

nous intéressons aux équilibres au repos suivant :
e le cas d’une résonance matériel et Alfven (u = a = 0), la relation d’équilibre est alors :

h+z=cst, u=0, a=0, (0.3.4)

e le cas d’'une résonance matériel (u =0 and a # 0), la relation d’équilibre est alors :

u=0, wv=cst, h+z=cst,

Vha=cst, Vhb=ecst. (0.3.5)

11
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En suivant I’approche de reconstruction hydrostatique a partir de la variable U = (h, hu, hv, ha, hb)

nous recontruisons les variables h", a”, b de la maniére suivante :
h# = (= (82)4)4, hff = (he = (=A2)4)4, (0.3.6)
avec r4 = max(0, x). On définit également

afé = ma;, af =ka,, (0.3.7)

bt = kb, b = kb, (0.3.8)

. hl . hr >
K; = min ﬁ,fy , K, = min h#,y vy > 1. (0.3.9)

avec

Nous avons introduit un parametre seuil « afin de résoudre les contacts du type (0.3.5), tout

en évitant une explosion du coefficient x lorsque h — 0.
Une des contributions novatrices de cette these concernant le traitement du terme source pour

les équations SWMHD est le résultat suivant :

Theorem 0.2. Les valeurs reconstruites h**, a® b# (0.3.6)-(0.3.9) permettent de définir un fluz
numérique du type (0.3.3) avec un terme corecteur explicite. Le schéma volumes finis qui en
résulte est consistant, vérifie une inégalité d’entropie semi-discrete, conserve la positivité de la

hauteur de fluide, et est un schéma d’équilibre pour les relations (0.3.4), (0.3.5).

0.4 Systeme SV, preuve CV d’un schéma cinétique avec
HR

0.4.1 Interprétation cinétique de Saint Venant

Dans cette partie on s’intéresse a I’approximation du syteme Saint Venant

ath + 8x(hu2) 0,
9y (hu) + 0, (hu® + th) = —gh0,z, (0.4.1)

12
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h(t,z) > 0, u(t,z) € R, g > 0 est la constante de gravité, et la topographie z(z) est donnée. Le

systeme est complété avec une inégalité d’entropie

2 2 2
) <h1; + gZ) + 0, ((huz + gh2> u) <0. (0.4.2)

0.4.2 Schéma cinétique avec reconstruction hydrostatique

On considere le schéma suivant

" . At
avec
Fii1o- = F(Uit1/2- Uis1/24) — Sit1/2—, (0.4.4)
Fi_1jo1 = F(Uis1jo—, Ui—1ja4) + Si—1)2+ (0.4.5)

Le flux numérique est constitué d’un terme JF qui est le flux numérique pour le systeme sans

topographie. Les seconds termes Sj 12—, Si—1/24+ sont des termes sources défnis par

0 0
Si+1/2— = ( h?+1/27 hz) ) Si—l/?-‘r = ( h2 h?1/2+> : (046>
99— — ) —a

5 9% 925 — 9

Les états reconstruits

Ui+1/27 = (hi+1/277 hi+1/27Ui)a Ui+1/2+ = (hi+1/2+7hi+1/2+ui) (04-7)
sont définis par
hivija- = (hi+ 2z — zig1ja)4,  hivaer = (hips + 2ig1 — Zigy2)+ (0.4.8)
et
Zip1/2 = Max(Z;, Zit1). (0.4.9)

Pour le terme homogene, on utilisera un flux numérique cinétique F, introdduit dans [83] et
définit par
?(UZ,UT) :F+(Ul>+F_(UT), (0410)

13
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¢
Fo(U) = [ €leo @ MU, §)de,

FHU) = [ €leso (1) M(U,€)dE, (0.4.11)

M(U) = glﬂ (20h — (€ ~w?)*. U = (hhu). (0.4.12)

0.4.3 Résultat de convergence

Theorem 0.3. Soit (U") = (h?, hPul) les valeurs du schéma (0.4.3)-(0.4.12). On suppose

1'%

l’existence de h,m, hyr,up > 0 tels que

On interpole les valeurs du schéma (U") sur chaque maille et entre deuz instants t, et t,1 et
on note U la solution approchée de (0.4.1) ainsi obtenue.

Alors il existe U une solution faible de (0.4.1) telle que Ua N U pour presque tout (t,z) €
JAz—
0,T] x R et ¥Vt € [0,T],Ua(t,.) — U(t,.) dans L2, . (R).
At,Axz—0

T, Wk

Ce résultat est établi sous les hypotheses d’hauteur A non nul, de topo graphie z bornée,

n

lipschitz et son approximation (z]

) vérifie la relation |Az 15| < min (s, hiy1). On suppose

Ax
également une condition cfl inverse du type — < 5 < 1, 5> 0.

At

0.4.4 Difficultés et étapes de démonstration

On utilise un résultat classique de compacité par compensation ([57, 75, 98]). On veut donc

montrer que

&m(UA) + &EG(UA) (0.4.14)

est compact dans H,,! pour tout couple (n,G) d’entropie/ flux d’entropie, ce qui permet de

p

conclure a la compacité de la suite Ua dans L, .

L’ingrédient principal pour obtenir (0.4.14) est d’obtenir des estimations a priori sur 9,Ua et

0;Ua, qui I'étape principale dans la méthode de Di Perna. Au cours de ce travail de these, nous

14
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avons pu trouver les estimations suivantes :

i1+1/2 1/2 (o
// 0,Us?dedt | < (0.4.15)

Tig—1/2

1/2
( / / YN dmdt) <

Tig—1/2

g
&\.

(0.4.16)

E

Citons le travail [15], qui concerne la convergence au niveau continu de solutions de modeles
BGK vers des solutions du systeme de dynamique des gaz. En conséquence il a été établi des
conditions suffisantes de convergence de schéma a flux séparés pour des systemes hyperboliques
sans terme source[14]. Par conséquent une premiere idée pour la démonstration de notre résultat
de convergence a été de vérifier si les conditions suffisantes données dans [14] sont vérifiés
pour le schéma (0.4.3)-(0.4.12) en 'absence de topographie. En particulier, une des conditions
suffisantes pour ces estimations était d’avoir F* ou —F~ (voir (0.4.11)) n-dissipative. Cette
propriété n’est pas vérifié pour (0.4.11), par manque de dissipation du schéma cinétique.

Néanmoins, un des résultats novateurs et difficile de ce travail de these est d’avoir établi que

FT™ — F~ est n-dissipative, ce qui correspond a 'estimation suivante :

| I¢ ( H(M,) — /(1) @ (M; - ]\/[1)) d

> a (n(Us) — n(Uy) — 77/(U1) (Uy = Ur)). (0.4.17)

Ce résultat n’est néanmoins valide que sur un ouvert borné convexe U C R?, excluant les valeurs
nulles pour la hauteur, et la preuve d’existence de la constante est non constructive.

Un autre ingrédient important de la preuve est I'inégalité d’entropie discreéte établie dans [7], qui
s’écrit avec des termes d’erreurs d’ordre Az?, sous I'hypothése d'une topographie de régularité
Lipschitz.

Donnons ici pour simplifier une version de cette inégalité lorsque z = cst,

A
Ax

g 72
— Vs Ax / |€| <]1§<0 (Mz+1/2+ + Mz+1/2 ) (Mi+1/2+ — Mi+1/27)2

+ Teso (Micajos + Mioaja-) (Micajog = Miojpo)?)dé, (0.4.18)

U(U;Hl) < 77(U'n) - <é2'+1/2 - éiq/Q)

15
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ou le terme intégré en & a le bon signe, renforce 'inégalité d’entropie et permet d’avoir une
estimation a priori. Dans le cas ol z n’est pas constant, on a des termes additionnels a gérer,
mais l'esprit de la démonstration est inchangé.

Apres multiplication par Az et sommation sur ¢ de (0.4.18), suivit de quelques manipulations
techniques, on fait apparaitre (0.4.17) et on montre (0.4.15), (0.4.16).
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Chapter 1

A H-wave relaxation solver for the shallow water
MHD system

Abstract

The shallow water magnetohydrodynamic system describes the thin layer evolution of the
solar tachocline. It is obtained from the three dimensional incompressible
magnetohydrodynamic system similarly as the classical shallow water system is obtained from
the incompressible Navier-Stokes equations. The system is hyperbolic and has two additional
waves with respect to the shallow water system, the Alfven waves. These are linearly
degenerate, and thus do not generate dissipation. In the present work we introduce a 5-wave
approximate Riemann solver for the shallow water magnetohydrodynamic system, that has
the property to be non dissipative on Alfven waves. It is obtained by solving a relaxation
system of Suliciu type, and is similar to HLLC type solvers. The solver is positive and entropy
satisfying, ensuring its robustness. It has sharp wave speeds, and does not involve any

iterative procedure.

Keywords: Shallow water magnetohydrodynamics, approximate Riemann solver, relax-

ation, contact discontinuities, entropy inequality

Mathematics Subject Classification: 76W05, 76M12, 35165
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

1.1 Introduction

The shallow water magnetohydrodynamic (SWMHD) system has been introduced in [66] to
describe the thin layer evolution of the solar tachocline. It is written in 2d in the tangent plane

approximation as

Oth +V - (hu) = 0, (1.1.1)
Oy(hu) + V- (hu®u — hb®b) + V(gh?/2) =0, (1.1.2)
d,(hb) + V- (hb®u — hu®b) +uV - (hb) = 0, (1.1.3)

where g > 0 is the gravity constant, h > 0 is the thickness of the fluid, u = (u, v) is the velocity,
b = (a,b) is the magnetic field, and the notation V - (b ®u) is for the vector with index i given
by >2; 0;(bsu;). The system should be complemented with Coriolis force and topography, but
these sources will not be considered in this paper.

The system (1.1.1)-(1.1.3) is endowed with an entropy (energy) inequality

1 1 1
at(h|u|2 L ogh’ 4 h|b|2>
2.7 2 2 (1.1.4)
+V- ((2h\u|2 +gh* + 5h|lo|2)u — hb(b - u)) <0,
that becomes an equality in the absence of shocks.
The induction equation (1.1.3) implies, by taking its divergence, that
o, (v . (hb)) v (uv . (hb)) —0, (1.1.5)

meaning that V - (hb) is transported at velocity u. In particular, V - (hb) remains identically
zero if it vanishes initially. This situation V - (hb) = 0 (that cancels the last term in (1.1.3))
is indeed the physically relevant one, but for numerical purposes it is convenient to relax this
constraint and consider general data. The particular form (1.1.3) has been introduced in [52]
for the SWMHD, and in [71] for the full MHD system. It enables to use one-dimensional solvers
in two dimensions, indeed this is why the term uV - (hb) has been added in (1.1.3).

Multidimensional simulations of the SWMHD system have been performed in [91, 92]. The
system 1is closely related to the MHD system, to which many works have been devoted. An
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important issue in multidimensional simulations is to minimize the numerical viscosity by using
accurate solvers, in particular on contact discontinuities; while being robust, see for example

12, 62, 103].

If dependency is only in one spatial variable x, the system simplifies to

Oth + 0y (hu) = 0, (1.1.6)
Oi(hu) + 0, (hu* + P) = 0, (1.1.7)
O(hv) + 0, (huv + Py) =0, (1.1.8)
O¢(ha) + ud,(ha) = 0, (1.1.9)
0¢(hb) + 0, (hbu — hav) + v0,.(ha) = 0, (1.1.10)
with
h2
P=g3 - ha?, P, = —hab, (1.1.11)
and the energy inequality (1.1.4) becomes
Lo oy Lo 1 5 9
3t(h(u +v°) + =gh”® + —h(a®+b ))
2 2 2 (1.1.12)

—|—8x((éh(u2 + v?) 4+ gh* 4+ $h(a® + b2)>u — ha(au + bv)) <0.

The eigenvalues of the system (1.1.6)-(1.1.10) are u, u#|a|, u+/a? + gh. The associated waves
are called respectively material (or divergence) waves, Alfven waves and magnetogravity waves,
see [51, 107]. Some of these waves will have the same speed when a or h vanishes, hence the
system is nonstrictly hyperbolic.

The system has three types of contact discontinuities corresponding to linearly degener-
ate eigenvalues: the material contacts associated to the eigenvalue u, the left Alfven contacts
associated to u— |a|, and the right Alfven contacts associated to u+ |a|. The jump relations as-
sociated to these contact discontinuities are as follows. Across a material contact, the quantities
u,v, gh; — ha®, hab are constant. Across an Alfven contact, the quantities h, u, a are constant,
and moreover for a left Alfven contact bsgna — v is constant, while for a right Alfven contact
bsgna + v is constant.

The system (1.1.6)-(1.1.10) is nonconservative in the variables ha, hb. However, ha jumps
only through the material contacts, where u and v are continuous. Therefore, there is indeed

no ambiguity in the non conservative products u0,(ha) and v0,(ha), that are well-defined.

21



Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

A finite volume scheme for the quasilinear system (1.1.6)-(1.1.10) can be classically built

following Godunov’s approach, considering piecewise constant approximations of
U = (h, hu, hv, ha, hb), (1.1.13)

and invoking an approximate Riemann solver at the interface between two cells, see for example
[70] or [24, Section 2.3]. A difficulty is however that the system is not conservative. The energy
is nevertheless obviously convex with respect to U. The SWMHD system is closely related to
the compressible MHD system, for which several entropy schemes are known [21, 28, 54, 63].
In this paper we apply the relaxation approach of [22, 24, 27, 48] to the SWMHD system, in
order to get an approximate Riemann solver that is entropy satisfying, ensuring robustness,
while being exact on isolated Alfven contacts. The relaxation system is of Suliciu type as
introduced in [97], and the approximate Riemann solver belongs to the family of HLLC solvers,

as in [12, 17, 18, 24, 62, 70, 94].

The paper is organized as follows. In Section 1.2 we describe the relaxation approximate
solver and its entropy property. In Section 1.3 we derive explicit optimal choices of the speeds
that enable to obtain stability and accuracy. In Section 1.4 we state our main theorem giving
the properties of our relaxation approximate Riemann solver. Finally, in Section ?? we perform

numerical tests.

1.2 Approximate Riemann solver

1.2.1 Relaxation approach

In order to get an approximate Riemann solver for (1.1.6)-(1.1.10), we use a standard relax-
ation approach, used for example in [24] for the Euler equations, in [28] for the MHD equations
and in [25] for shallow elastic fluids. An abstract general description can be found in [48],
and related works are [42, 44]. The approach enables to naturally handle the energy inequality
(1.1.12), and also preserves the positivity of density. Its structure has however to be well-chosen

in order to resolve exactly isolated Alfven contacts.

We introduce new variables 7, 7, the relaxed pressures, and c,, ¢ intended to parametrize
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the speeds. The form of the relaxation system is as follows,

Oth + 0,(hu ( )

Op(hu) 4 Oy (hu® + ( )
Oy (hv) + 0y (huv + 7, ( )
O¢(ha) + ud,(h ( )

Oy (hb) + 0 (hbu — hav) + v, (ha) = 0, (1.2.5)
(1.2.6)

(1.2.7)

(1.2.8)

(1.2.9)

) =0,
) =0,
) =0,
a) =0

?

Oy(hm) + 0, (hmu) + 20,u = 0,
Op(hmy) + Op(hmiu) + 200 = 0,
Oic + udyc =0,

0iCq + udyc, = 0.

The approximate Riemann solver can be defined as follows, starting from left and right values

U;, U, at an interface.

e Solve the Riemann problem for (1.2.1)-(1.2.9) with initial data obtained by completing
U;, U, by the equilibrium relations

m = P = (gh?/2 — ha?),,

moo= Bo= (ght2—ha?),, (1.2.10)
(mi)r = (P = (—hab),

(m1)r = (P1)r = (—hab),,

and with suitable positive values of ¢, ¢, ¢4, Copr that will be discussed further on,

essentially in Section 1.3.

e Retain in the solution only the variables h, hu, hv, ha, hb. The result is a vector called
R(z/t, U, U,).

We can remark that the relaxation system (1.2.1)-(1.2.9) is identical to the 5-wave relaxation
system in [28, equations (5.5)-(5.7) with b = 0], with the identification B, = ha, B, = hb.
However, the initialization (1.2.10) differs from that of the MHD equations, [28, equation (2.10)].
Indeed, the homogeneity in magnetic terms is different in the SWMHD and MHD systems.
Intuitively, the solver is consistent because of the equations (1.2.1)-(1.2.5), that are con-
sistent with (1.1.6)-(1.1.10). The specific values used for ¢, ¢, do not play any role in this

consistency. However, if we require the solver to have the highest accuracy, i.e. to be “tangent”
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

to the original system, one has to take the speeds ¢ > ¢, > 0 as approximations of hv/a” + gh
and hla| respectively, in the limit when Uj, U, are close to a common value U. This is because,

as can be checked with straightforward computations, smooth solutions to (1.1.6)-(1.1.10) verify

O1(hP) + 0,(hPu) + h*(a* + gh)O,u = 0,

. (1.2.11)
Oy(hPL) + 0,(hPLu) + h*a*0,v = 0,

that have to be compared with (1.2.6), (1.2.7). The accuracy of the solver on isolated contacts

is described by the following lemma.

Lemma 1.1. The approzimate Riemann solver R(xz/t, U, U,) solves exactly:
(1) material contact discontinuities,
(1) left Alfven contact discontinuities under the condition c,; = (hlal),

(111) right Alfven contact discontinuities under the condition c,, = (hla|),.

Proof. Material contacts are solutions to the SWMHD system (1.1.6)-(1.1.10) with u, v, P, P,
constant. These solutions are obviously solutions to the relaxation system (1.2.1)-(1.2.9) with
m = P, m; = P,. Thus for these data, R coincides with the exact solver, which proves (i).
Alfven contacts are solutions to (1.1.6)-(1.1.10) with h, u, a, bsgna — v (for a left contact),
bsgn a+v (for a right contact) constant. As previously, it is enough to prove that these solutions,
completed with 7 = P, m; = Py, are solutions to the relaxation system (1.2.1)-(1.2.9). One
can see that only (1.2.7) is not immediately satisfied. Comparing (1.2.7) to the second line of
(1.2.11), we get the condition ¢ = h%a? where v jumps. Note that according to (1.2.4) and
(1.2.9), ha and ¢, are both continuous through the Alfven waves (assuming a # 0). This yields
(ii) and (iii). O

Following the Godunov approach, the numerical scheme can be defined by the approximate
Riemann solver as follows. We consider a mesh of cells (2;_1/2, %1 /2), i € Z, of length Ax; =
Tit1/2 — Ti—1/2, discrete times ¢, with ¢, — ¢, = At, and cell values U;* approximating the
average of U over the cell 7 at time ¢,,. We can then define an approximate solution Ugyp,, (¢, z)

fort, <t <t,, 1 and x € R by

TT2 gn gn ) for 3 < @ < T, (1.2.12)

Uappr (8, ) = R( PR i
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1.2 Approximate Riemann solver

where x; = (2;_1/2 + ©i41/2)/2. This definition is coherent under a half CFL condition, formu-

lated as Au,
QA (l’/t UmUH-l) U
A (1.2.13)
Z;
x/t > QA? = R(x/t,U;,Uis1) = Uija.
The new values at time t,,; are defined by
ntl 1 Tit1/2
Uz E/ Uapp/r( n+1 — O .Z’)d (].2].4)
1 YTi—1/2

Notice that it is only in this averaging procedure that the choice of the particular pseudo-
conservative variable U as (1.1.13) is involved. We can follow the computations of [24, Section

2.3], the only difference being that the system is not conservative. We obtain the update formula

At
n+1l __ n
ur =0 Ar

(Stl(Un Uzr—li-l) ?T(Un—lvU;L))’ (1'2'15)

)

where

TULU) = F(O) ~ [ (R(E UL U,) ~ U)ag,

(1.2.16)
3:' (Ula +/ 5 Ula U’I’) d€7
the variable ¢ stands for x/t, and the pseudo-conservative flux is chosen as
F(U) = (hu, hu* + P, huv + Py, 0, hbu — hav). (1.2.17)

In (1.2.17), the two last components could be chosen differently since the two magnetic equations
in our system are not conservative. We can remark that the choice of F' has no influence on
the update formula (1.2.15).

1.2.2 Energy inequality

Here we do not use the entropy extension defined in [24, Definition 2.14], because the

minimization principle is a bit too restrictive. We instead follow the strategy used in [25, 27].
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

We define the left and right numerical energy fluxes as

(U, Uy) = G(U) - /° (B(r(e v 0) - B@)) de.

(1.2.18)
S, (UL, U, 0+ [ (B0 U) - B de,
where E and G are respectively the energy and the energy flux from (1.1.12),
Lo ooy Lo 1 9 0o
E(U) = ih(u +v) + igh + §h(a +0%),
(1.2.19)

1 1
G(U) = (2h(u2 )+ gh? + (e + 62))u — ha(au + bv).
Following [24, Section 2.3], a sufficient condition for the scheme to be energy satisfying is that

.U, U,) = (U, Uy) < 0. (1.2.20)
When this is satisfied, because of the convexity of £ with respect to U and of the CFL condition

(1.2.13), one has the discrete energy inequality

At
Az,

B = BUD) + 5 (807, U2) = §(02,.Un) <0 (1.221)

where the numerical energy flux §(U;, U,) is any function satisfying G,(U;,U,) < §(U,,U,) <
Gi(U;,U,). In order to analyze the condition (1.2.20), let us introduce the sum of the gravita-

tional potential energy and the magnetic energy

1 1
e= 5gh+§(a2+b2), (1.2.22)

that enables to rewrite the energy as

1
E = 5h(u2 +v?) + he. (1.2.23)

Then, while solving the relaxation system (1.2.1)-(1.2.9), we solve simultaneously the equation

for a new variable é,

o6 — 12 /2¢% — 77 /2¢%) + ud,(é — 72 /2c* — 73 /2¢2) = 0, (1.2.24)
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1.2 Approximate Riemann solver

where € has left and right initial data e; = e(U;), e, = e(U,). The reason for writing (1.2.24) is
that combined with (1.2.1)-(1.2.9) it implies

1 1
3} <2h(u2 +v?%) + hé) + 0, ((2h(u2 + %) + hé)u + mu + 7uv> =0. (1.2.25)

Indeed, (1.2.25) can be obtained as follows. From (1.2.2), (1.2.3), (1.2.6), (1.2.7) (combined
with (1.2.1)), we get
1
Oyu + udyu + E&ﬂr =0,

1
(9,51) + anﬂ) + E(’?ﬂu = 0,
L (1.2.26)
Oy + u0,m + ﬁ(‘?mu =0,
2
@m+myu+%@wﬂx

Multiplying these equations respectively by w, v, 7, 7, , we obtain

ou? /2 4+ udyu® /2 + Eaﬂ =0,

0?2 4+ ud,v? /2 + %axm =0,
2 1.2.27
@w72+u@wwz+%;@u:o, (1.2.27)

7'(]_(32

. 20,0 = 0.

o /2 4+ ud,m /2 +

Using the advection equations (1.2.8), (1.2.9) for ¢ and ¢,, the two last equations of (1.2.27)

give
2 2
O+ Uy + L 8u = 0,
2c2 2c2 h
E 2 (1.2.28)
Ot tud,—L + o0 =0.
22 “2¢2 h "

Adding up the two first equations of (1.2.27) and (1.2.28) yields

u? +0v? ol 72 u? +0v? ol 72 1
B) ( = i) 0, ( = L) ~0, =0. (1229
T2 TaeTaa) T 3 toa T oa) tytmut ) (1.2.29)

Then, adding this to (1.2.24) and using (1.2.1) finally gives our stated identity (1.2.25).

Using the value of the Riemann solution to the relaxation system at z/t = 0, we define

S(U,U,) = ((;h(qf +v?) +hé>u+7ru+7uv) : (1.2.30)

z/t=0
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

Lemma 1.2. If for all values of z/t the solution to (1.2.1)-(1.2.9) has nonnegative height h
and satisfies

é>e(U), (1.2.31)

where here U = R(x/t,U;,U,), e(U) is defined in (1.2.22) and é is defined by (1.2.24), then
S-(U,U,) <S(U,U,) <G(U,U,), and the discrete energy inequality (1.2.21) holds under the
CFL condition (1.2.13).

Proof. Since (1.2.25) is a conservative equation, and its conserved quantity and flux reduce to

E and G on the left and right states, integrating it over rectangles one gets

S0 =GO — [ (Gt +27) +he) €) - B(U)) de
(1.2.32)
=G(U,) + ; ((;h(lﬂ + v?) + hé) (€) - E(UT)> dg.

Therefore, comparing to (1.2.18), we see that in order to get §, < G < G, it is enough that for
all £
1
E(R(,Ur,U)) < (Gh(u® + %) + he) (©), (1.2.33)

which is equivalent to (1.2.31). O

1.2.3 Intermediate states

In this subsection we describe the solution to the Riemann problem for (1.2.1)-(1.2.9) with
initial data completed by the relations (1.2.10). The analysis is similar to that in [27, 28] for
the full MHD system, and to [25] for shallow elastic fluids.
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1.2 Approximate Riemann solver

The quasilinear system (1.2.1)-(1.2.9) has the property of having a quasi diagonal form

O(m + cu) + (u+ ¢/h)0 (7 + cu) — chgc =0, (1.2.34)
O(m — cu) + (u— ¢/h)0,(m — cu) — %c@mc =0, (1.2.35)
O/(1/h+7/c®) +ud,(1/h +7/c*) =0, (1.2.36)
01 + cav) + (u+ ca/R) (1 + cav) — %ca&cca =0, (1.2.37)
O (L — cqv) + (u — o /h) 0 (L — cqv) — %ca&cca =0, (1.2.38)
(b + @7@) + ud, (b + }27@) =0, (1.2.39)
Oi(ha) + udy(ha) = 0, (1.2.40)
Oic + ud,c =0, (1.2.41)
01Cq + u0ycq = 0. (1.2.42)
One deduces its eigenvalues, which are
c Ca Ca c
U—E, —E, u, U‘i‘ﬁ, U"‘E, (1243)

the central eigenvalue v having multiplicity 5 and the other being simple. From the above form
one also checks easily that the system is hyperbolic, with all eigenvalues linearly degenerate.
As a consequence, Rankine-Hugoniot conditions are well defined (the weak Riemann invariants
do not jump through the associated discontinuity), and are equivalent to any conservative
formulation. In the solution to the Riemann problem, the speeds corresponding to the previous

eigenvalues will be denoted by
Y < g < X3 < Yy < X, (1244)

the speed X3 corresponding to the eigenvalue u. Thus we get a 5-wave solver with four inter-
mediate states. The variables take the values “1” for x/t < 3y, “I**” for ¥; < x/t < 3y, “I*” for
Yo < x/t < X3, 0 for Xy < x/t < Xy, O for Xy < x/t < X, 17 for Xy < x/t, see Figure
1.1. There are 5 strong Riemann invariants associated to the central wave (i.e. quantities that
lie in the kernel of 0; + ud,), which are

h
LWL (1.2.45)

20 2
c c2

¢, Cq ha, +

1
h
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

Qi'/t = 23
x/t =%, x/t =34
x/t:El " N {]j/t:ES
Ul Ur
U Ur
0 X

Figure 1.1 — Intermediate states in the Riemann solution

These quantities are thus weak Riemann invariants for the other waves. Four weak Riemann
invariants for the central waves are u, v, w, m,. They take the same value on the left and on
the right of this central wave, we shall denote these values by u*, v*, 7*, 7. The remaining

weak Riemann invariants for the left and right waves are found to be

u—c/h: w+cu, T, v
u—cy/h: m +cv, ™ u,

/ + (1.2.46)
u+cg/h: m o —cu, T ou
u+c/h: w™—cu, T, v

We notice that the equations (1.2.1), (1.2.2), (1.2.6), (1.2.8) form a closed system of equations.
Therefore, the variables h, u, m, ¢ can be resolved independently of the knowledge of v, 7, a, b,
cq, and in particular they do not jump through the ¥y and ¥4 waves. This means that for these
unknowns h, u, 7, ¢, the “I**” and “I*” states are identical, as well as the “r**” and “r*” states.

In particular, u and 7 take the constant values u* and 7* on the whole fan ¥, < z/t < ¥,

koK *

(u, )" = (u,m); = (u,m)*, (u,m)" = (u,m): = (u,m)". (1.2.47)

The second velocity-pressure set of variables v, 7, jump only though the ¢, waves Y5, >4, thus

ok

(Uuﬂl)ik* = (1}77TJ_>I7 (U77TJ_>T = (U77TJ_)7"7

(v, m)f = (v,m0)* = (v, mL)" (1.2.48)

Then, because of (1.2.45), the variables a, ¢, do not jump through the ¥y and ¥, waves, as

h,u,m, c. Moreover, b does not jump through the »; and 5 waves, as v, 7, see Figure 1.2.
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1.2 Approximate Riemann solver

In addition, computations using the Riemann invariants (1.2.45), (1.2.46) give the values as in

.73/15: 23
ZL’/tZZQ Q7/75224
v, b | vt L b
m/t221 x/t:Eg,
v, T, by Uy, T iy, by
v, T, by Up, T 1y, by
0 X

Figure 1.2 — Intermediate states for the variable v, m,, b

24, 28]
. autcu,+m —m,
u =
Cl + Cr ’
. om+an, — ac (U, — uy)
= ,
c+ ¢,
ot = Gttt CarUp + 11 = i (1.2.49)
B Cal + Car ’
* CarT1] + CaT iy — Calca'r(vr - Ul)
ﬂ-J_ — Y
Cal + Car
and
1 1 e(up —w)+m—m,
o ale +cr) ’
! ! ¢+ ¢
1 1 N au, —w) +m —m (1.2.50)
ht  h, e (e +¢) '
Next, using the invariants in (1.2.45) that involve a, b, we get
hy h,
S =a— f=a,—, 1.2.51
i =agt 4= a (1.251)
and h
a
by = b + A@u — Ty + Car(Vp — Uz)),
Cat (Cq1 + Car) (1.2.52)
b =b +—hrar (7r — 1+ calv —v))
T T Cm«(Cal + Car) A1r 11 al\Ur l))-
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

Finally, using the previous formulas one can compute the speeds,

Y1 =w—qfh, Yy=u"—cq/hj, Ls3=u",

(1.2.53)
Yy=u"+co /bl X5 =u,+c./h,.

1.3 Analysis of the energy inequality and choice of the

speeds

1.3.1 Sufficient stability conditions for a fixed intermediate state

In this subsection, we derive sufficient conditions for the inequality (1.2.31) in Lemma 1.2

to hold, for a fixed intermediate state
U* = (h*,h*u*, h*v*, h*a™, h*b"), (1.3.1)

where the star “*" stands for any of “I**7, «I*7 «“r*7 «“p**?  These values are completed with
those of the relaxation variables 7*, 7%, ¢, ¢,, and with é* resulting from (1.2.24). Note that

the notation ‘*’

differs here slightly from the one in the previous paragraph, in particular, v*
and 7% do not coincide with the values in (1.2.49) in case of the “I**” and “r™*” states. It is
convenient to denote by the subscript 'l /r’ any data evaluated on the initial state on the same
side of the central wave as the intermediate state considered. The short notation ¢, ¢, will
mean that these quantities are evaluated locally, i.e. at the “*’ state, or equivalently at the 'l /r’

location since these quantities are strong invariants for the central wave.

In order to analyze (1.2.31), we use the same strategy as in [24, Lemma 2.20], and [27, Lemma
3.2], that consists in using a decomposition of e(U*) —é* in elementary entropy dissipation terms

along each waves. This idea was introduced in [22] in the case of constant speeds.

Lemma 1.3. With the preceding notations, we have the identity

e(U")— ¢ =D__ (Uu - ”) +D. (U*,v* _ “)
c Ca .
+ DO(U*, Ul/r> + D+<U*7U* + 7TL) + D++<U*>U* + WC),

a

(1.3.2)
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where we set for any state U and any scalar A, with P and P, defined in (1.1.11),

1 P 1

D__(UA) ==(u——)*>—=A? 1.3.
(U A) === (1.3.3)
1 P 1
—(=Pa) - (plu == = A) == =),
T SCR Y
P
— (=P (—put =) Sl = =),
L, Prp 1o
D_(UA) =j(v = %) = A (1.3.5)
ha PJ_ 1 i
—(b,U> C(I(U_CG_A)’Q(U_CG_A>>,
D, (U, A) zl(v + C—L)2 - iAQ (1.3.6)
ha PJ_ 1 PJ_
— (b,v) _7,1( %—A),2(U+%—A)>,
P2 PQJ_ P2 PQJ_
Do(Uy, Up) =e(Uh) = 575 = TI?L —e(lh) + 55+ 223

hia hea 1.3.7
b1 + Z;Pu—bz— Z;Pu (1:3.7)

( 1/h1+P1/C2—1/h2—P2/62 )
—(—Pl,bl)' .

Proof. We have to sum up the contributions in the right-hand side of (1.3.2). We look first at
terms that are in factor of P* = P(U*),

1/, P* T\
% (u - 7 —Uu + C) m D——J (138>
—1 P* *
2c c c
1 P 1 Py
o) = Dy. 1.3.10
<h*+02) (hm%— 62> m Dy ( )

Then, since % + 7 s a strong invariant associated to the eigenvalue u,

1 Pl/r 1 m*
= — 4+ —. 1.3.11
e c? h* + c2 ( )

Thus the sum of (1.3.8), (1.3.9), (1.3.10) equals zero. Then, the terms in factor of u* in D__,
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D, also sum up to zero, as well as the terms in factor of v* in D_, D,. Then we look at the

terms in factor of —b*,

h* * P* *
- <U* - == m) inD_, (1.3.12)
QCa Cq Cq
2Ca Cq Ca
h* * ha . ‘
<b* + C;l Pj) - (bl/r + (Cgl/Pu/r) in Dy. (1.3.14)

But since b+ %ﬂ' | is a strong invariant associated to the eigenvalue u, one has
a

(h(l)l/r h*CL*

2 PJ_l/r = b* + CTTFj (1315)

bl/r +

Thus we get that the sum of (1.3.12), (1.3.13), (1.3.14) equals zero.

Now it remains to sum up the first lines from (1.3.3)-(1.3.7). Summing up the first lines

from D__ and D, we get

i R L P e S (E 810

Summing up the first lines from D_ and D, we get

1 P, 1 Ty, 1 P, 1 e (PP ()
(v — o = T2y S TR L T2 o - . (L3.17
4(1} ca) 4(U ca) —|—4(v + ca) 4(U + ca) 22 2¢2 ( )

The last terms are those from the first line of Dy,

<e(U*) P (PD2> - (e(U) P Pf>m. (1.3.18)

2c? 2c2

. A~ 2 w2 . . . . .
Moreover, according to (1.2.24), € — 35 — 5% is a strong invariant associated to the eigenvalue
a

<6(U) P PE>W - (é* = (ﬂy) . (1.3.19)

u, which gives

2c? 2c2

Summing up (1.3.16), (1.3.17) and (1.3.18), we get e(U*) — &*, which proves the lemma. O

We notice now that all dissipations excepted the central one in Lemma 1.3 can be written
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as opposite of squares,

1, P 1, P

D__(UA) = —Z(U -—- A)?, Dy (UA) = —Z(u +—- A)?, (1.3.20)
1, P 1, P

D_(UA) =~ (v~ f — A2, D, (UA) = — 0+ Ci — A2 (1.3.21)

Thus they are all nonpositive, and in order to obtain a sufficient stability condition via Lemma

1.2 and Lemma 1.3, we need only to prove that Dy from (1.3.7) is nonpositive.

In order to analyze Do(U*, Up;,), we group the terms in factor of 1/2¢?, 1/2¢2 and the terms

where b is involved, because they are squares, which gives using the expression of P, from
(1.1.11) and the relation h*a* = (ha),,

e ghye  (a¥)? 0 ai, 1 1
Do(U*,Ul/r)ZL—L Y +( S P

(— — 1.3.22

2 2 2 2 (h* hl/r) ( )
+ 1 (P* P >2+ 1 (P*_P )Q_E(b*_b )2
902 l/r QCZ 1 Li/r 9 ir) -

Next, we use the expression of P and P, from (1.1.11) to obtain

\ gh*  ghye  g(h*)?, 1 1
Do(U*,Uy,) = 2 — + -
ol r) 9 2 2 (h* hijs

(1.3.23)

(a*)Q al2/7" 9 1 1

ST L (M) (= —
T @ G~

L (g gl 2 (s )
+ 22 < 5 T o + (ha)y, (@™ — ayy)

o (haYy(a* — auy) (9(h*)2 B g(hmf)]

2 2
1 (ha)?/r * 2
R USRS [GETOR

a

Obviously, under the condition ¢, > h; /T]al /T], the last line is nonpositive. The following result
is a particular case of [27, Lemma 3.3].

Lemma 1.4. For any h, >0, hy/. > 0 one has

2 2 B2 \?2
ghe _ghy  ght 1 11 1 gh*_gl/r> <0,

- L 1.3.24
>~ 2 T Gt 2(gh3)*7l/r< > 2 (1.3.24)
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with

(gh®)eyye = sup  gh®. (1.3.25)
helhy jsho]

Using the inequality (1.3.24), we get an upper bound on the first line of the right-hand side
of (1.3.23),

11 g(h*)?  g(h)®\?
Do(U*,Uyyp) < —= — 1.3.26
olU”, Uyr) < 2<gh3)*z/r< 2 2 ( )
_(ha)y 11,
2 h* hl/r
1| (g(r)?  g(hy)?) L 11,
_ — h =
1 1 g(h*)2 g(hl/r)2
—2(ha)?, (— — — .
o — i) (50 - 2

Finally, we can rewrite the right-hand side of (1.3.26) as a quadratic form,

Do(U", Uyy) < = (1 1 ) (g(h*)2 B g(hl/r)2>2

2(gh3).1yr 262 2 2
1 2 (ha)l/r 1 1 2
— = 1— — - 1.3.2
S (1= 5" ) G = ) (13.27)
c2 h* hl/r 2 2 ’

It leads to the following proposition stating that the entropy condition reduces to subcharac-

teristic conditions.

Proposition 1.5. In order to have e(U*) — é* < 0 at the intermediate state U* (ensuring the

discrete energy inequality according to Lemma 1.2), it is enough that h* > 0 and
(ha)), + (gh®)uyye < (1.3.28)

and
(ha)i), < c (1.3.29)

a’

where (gh®)., is defined in (1.3.25), and (ha)y,, ¢, ¢, are evaluated on the same side of the

central wave as is U*.

Proof. We use Lemma 1.3 and the previous analysis. With the condition (1.3.29), it yields
(1.3.27). It is now sufficient that the right-hand side in (1.3.27) is a non positive quadratic
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form. Thus it is sufficient that

<(ha3l2/r> < (ha)j), <1 — Um)f/r) < ! 1) , (1.3.30)

c c? (90 iy

(hazf/r g (1 - (ha)?/r> (( - 1>. (1.3.31)
w0 /r

c c? gh?)

Developing the right-hand side and simplifying, we obtain

or

(ha)%/r < ¢
(gh3)*,l/r - (gh?))*,l/r

~ 1. (1.3.32)

Multiplying by (gh?). we get (1.3.28), which concludes the proof. O]

1.3.2 Choice of signal speeds

In this subsection we derive explicit values for the signal speeds ¢, ¢, that are sufficient for
having positivity of height and (1.3.28), (1.3.29), that yield the energy inequality. Such values
have been found in [24, Proposition 2.18] for Euler equations and in [28] for MHD equations.
We use here the approach of [28], that enables to treat negative pressures m. We make the

following a priori choice of the relaxation speeds ¢, ¢,

3
cq =hs + §hl ((ul — 1LT)Jr +

(mr — ™)y

hlSl -+ hTST ’

. ( | (1.3.33)
Ty — T )+

r = hr r *hr — Up > 1 ]

¢ Ty <(ul Wt F e hww)

with
s =1/a?+ gh. (1.3.34)

This choice for ¢; and ¢, implies in particular that ¢; > h;s; and ¢, > h,s,. We set

1 (77-7"_7-[-1)-&-
X = = (g —w)y + T T 1.3
= (= (133

so that by (1.3.33), one has
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

Now we observe that we have two intermediate states on the left, but they have the same
density h;. Thus the conditions (1.3.28), (1.3.29) are identical for the “I**” and “I*” states, and
refer to the height h;. We estimate it from (1.2.50),

1 1 e(up —w)+m—m,
=4 1.3.37
h;k hl Cl(CZ + Cr) ( )
R ala +¢) ale + ¢) e
l . (Ul - U’T)-i- _ (71—7“ - 7Tl)+ (1 3 39)
B hl C] cl(hlsl + hrST) ) s
Using (1.3.35) and (1.3.36), one gets
1 1 X
sz |1 é (1.3.40)
l ! 1+ =X,
2
Thus hf > 0, and
0< h? < hl/l’l, (1341)
with %
m=1-——5—¢€(1/31]. (1.3.42)
1 + §Xl

This allows to estimate the supremum in (1.3.25),

h; [gh
J(gh3) s < Eﬁ’/?ll' (1.3.43)

We can estimate the right-hand side using the following result from [28, Lemma 3.1].

Lemma 1.6. Consider a pressure law p(p) defined for p > 0, satisfying

jp (p\/@ -0, (1.3.44)

d

o <p\/}?) < an/p',  for some constant a > 1. (1.3.45)
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1.3 Analysis of the energy inequality and choice of the speeds

Let x =1 — X/(1+ aX) for some X > 0. Then for all p > 0,

BB <oy (o)1 +ax), (1.3.46)

The assumptions concerning the pressure (1.3.44)-(1.3.45) are satisfied with p(p) = gp*/2
and o = 3/2. Therefore we can apply this result with p = h;, X = X, which gives

h | gh 3
— [ < hyy/Jghi (1 + =X)). 1.3.47
56‘1” o =g i T3 ) ( )
Thus, using (1.3.43) and (1.3.47), for getting (1.3.28) it is enough that
2 3 32 o 2
(ha); 4+ ghy (1 + §Xl) <¢. (1.3.48)

But using (1.3.36) and the definition of s; from (1.3.34),

3
¢ = sthi(1 + 5Xl)2 (1.3.49)

3 3
= (ha)?(1+ 5Xl)2 + ghd(1+ §Xl)Q, (1.3.50)

which yields (1.3.48). The same analysis is valid on the right, with

1 - Ny Xr
x. - L <(ul ).+ M) ey (1.3.51)
151 + rSr 1 + §Xr

Proposition 1.7. The solver is positive in height and entropy satisfying for the choice of ¢,

¢ given by (1.3.33) and cq, o given by

ca = (hlal);, cor = (hlal),. (1.3.52)

Proof. We apply Proposition 1.5. The above computations show that A, h: > 0 and that
(1.3.28) holds. The choice (1.3.52) gives obviously (1.3.29). O

Lemma 1.8 (Bounds on the propagation speeds). The formulas (1.5.33) ensure the following

estimate on propagation speeds:

max (}CLI, Zr) < C((ul —Up)y + 5+ Sr)7 (1.3.53)
l r
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

where C > 0 is an absolute constant.

Proof. We have |P| < hs® with P = gh; — ha® and s? = a® + gh. Since m; = P, and 7, = P,,

the result follows obviously. O

1.4 Properties of the relaxation approximate Riemann

solver

Before stating our main result, we have to explicit the numerical fluxes and the CFL con-
dition. The solution to the Riemann problem for the relaxation system (1.2.1)-(1.2.9) has five
wave speeds Y; < Yo < Y3 < Yy < X5, that can be computed by (1.2.53). The intermediate
states [**,[*, r*, r** have been determined in Section 1.2.3. We would like now to compute the

left /right numerical fluxes F;, &, that are involved in the update formula (1.2.15).

All components of the system except ha and hb are conservative, thus classical computations

give the associated numerical fluxes,
F, = (F", Fr, Fh gre FEY F, = (F, Fhe, Fh) ghe o gty (1.4.1)
where the conservative part involves the Riemann solution evaluated at x/t=0,

?h - (hu)x/t:07
Fh = (hu? 4 7)1, (1.4.2)
F = (huv + 71 )y /10

More explicitly (1.4.2) yields that the quantities between parentheses are evaluated at “I” if
Y1 >0, at 7 if Xy <0 < Xo, at U7 if Xy < 0 < g, at e if X3 < 0 < Xy, at e if
Yy <0< s, at “r”if X5 < 0. As usual there is no ambiguity when equality occurs in these

conditions. Similarly, the numerical energy flux is computed according to (1.2.30).

We complete these formulas by computing the left /right numerical fluxes for the variables
ha and hb from (1.2.16),

’ (1.4.3)

F* = 0+ min(0, L3)((ha), — (ha),
Fhe = 0 — max(0, 23)(
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1.4 Properties of the relaxation approximate Riemann solver

FI* = (hbu — hav), + min(0, 1) ((hb);* — (hb),)
+min(0, ) ((hb); — (hb);*) + min(0, X3 (hb); — (hb);) (1.4.4)
+min(0, S4) ((hb)* = (hb);) + min(0, Ss) ((hb), — (hb);),

FI = (hbu — hav), — max(0, 1) ((hb);" — (hb):)
— max(0, ) ((hb); — (hb);") — max(0, 5s) ((hb); — (hb);) (1.4.5)
— max(0, ) ((hb);" — (hb);) — max(0, 5) ((hb), — (hb);").

T

Using the computation performed in [28, Subsection 5.3], these fluxes can be also written

F = (hbu — hav),j—o—,
£y > 0 then { o — (0w =hav)eeo (1.4.6)
F = (hbu — hav)yji—o- — v*((ha)r — (ha)l>,
F* = (hbu — hav) - *((ha), — (ha)),
If 5 <0 then { L (hbu — hav)oje—o + v*((ha), = (ha)) (1.4.7)
I = (hbu — hav), ji—o+,
where v* is the central value of v defined in (1.2.49) (and indeed X3 = u*).
The maximal propagation speed is then
AU, Up) = max (|51], [Za], [Bs], [Eal, [Es]) = max ([X4], [5]) - (1.4.8)
The CFL condition (1.2.13) becomes
1
Note that with (1.3.53) and (1.2.53) we get
AU, U,) < C(Jw| + |ur| + 81+ sr) (1.4.10)

with C' an absolute constant, bounding the propagation speed of the approximate Riemann
solver by the left and right true speeds. This property is also valid in [25] for shallow water
elastic fluids and is more general than the possibility of treating data with vacuum considered

in [24]. Note that for getting (1.4.10), no restriction on the ratio h;/h, is required.

We are now able to obtain our main result.
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

Theorem 1.9. Assume that the initial data Uy, U, satisfy hy > 0, h, > 0 and use the choice
of the speeds (1.3.33), (1.3.52) with m = P(U,), m, = P(U,). Under the CFL condition
(1.4.8), (1.4.9), the Riemann solver defined by the intermediate states and speeds ¥; computed
in Subsection 1.2.3 and the numerical fluzes F,(U;, U,.), F,.(U;,U,) defined via (1.4.1)-(1.4.7),

has the following properties.
(1) It keeps the positivity of h,

(ii) The approximate Riemann solver satisfies the discrete energy inequality (1.2.21), with

numerical energy flux (1.2.30),
(11i) Isolated material contact discontinuities are resolved exactly,
(iv) Isolated Alfven contact discontinuities are resolved exactly,

(v) Resonant material-Alfven contact discontinuities defined by
h = cst,u = cst,a = 0, (1.4.11)
are resolved exactly,

(vi) Data with bounded propagation speeds give finite numerical propagation speed, according
to (1.4.10),

(vii) The numerical viscosity is sharp, in the sense that the propagation speeds ¥; of the ap-
proximate Riemann solver tend to the exact propagation speeds when the left and right

states U;, U, tend to a common value,

(viit) The variables h, hu, hv are conservative, and the scheme satisfies an asymptotic consis-

tency with the non-conservative part of the system for smooth data.

Proof. The items (i), (ii) are consequences of Proposition 1.7 and Lemma 1.2. The items (iii),
(iv) hold according to Lemma 1.1. The proof of (v) is straightforward with the formulas of
Section 1.2.3, since in this case 35 = 33 = 3. The item (vi) has been proved with Lemma 1.8.
The item (vii) is obvious with (1.3.33), (1.3.52). The property that h, hu, hv are conservative
is also obvious.

Thus it remains to prove the statement of (viii) concerning the consistency. Denote as in

the introduction b = (a,b), u = (u,v). Then the magnetic equations of the original system
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1.5 Numerical tests

(1.1.9), (1.1.10) can be written
0:(hb) + 0,.(hbu — hau) + ud,(ha) = 0. (1.4.12)

At the discrete level, the hb components of the update formula (1.2.15) involve the numerical
fluxes from (1.4.1)
FP = (97, I, I = (I, T, (1.4.13)

Using the formulas for the fluxes (1.4.3) and (1.4.6), (1.4.7), we observe that
Fb — FP = —u*((ha), — (ha);). (1.4.14)
Thus, asymptotically when U, U, — U, one has
F (U, U,) = F(U, Uy) = —u((ha), — (ha)i) + o|Us = U| + U, — UJ). (1.4.15)

Since obviously F°(U, U) = F"*(U,U) = hbu — hau, we conclude the asymptotic consistency
with (1.4.12) for smooth solutions (in the sense proposed in [24, Section 4.2]), which concludes
the proof of (viii). O

1.5 Numerical tests

In this section we perform numerical computations in order to evaluate the properties of
the scheme, in relation with Theorem 1.9. First and second order methods in time and space
are evaluated, the latter using an ENO reconstruction, as described in [24, section 4.13]. The
conservative variable is U as in (1.1.13), and the slope limitations are performed on the variables
h, u, v, ha, b.

We take 200 points, and plot a reference solution obtained by a first order computation with
10000 points. The CFL-number is taken 1/2 in all tests. The space variable z is taken in [0, 1],

g = 9.81. Neumann boundary conditions are applied. Three test cases are investigated:
e Test 1 is a Riemann problem with (ha), = (ha),,
e Test 2 is a generic Riemann problem with positive height,

e Test 3 is a Riemann problem where the initial heights are taken positive on the left side

and vanishing on the right side.
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Chapter 1. A 5-wave relaxation solver for the shallow water MHD system

The numerical values for Test 1 are given in Table 1.1. In this case, ha = 1/2 remains con-
stant, in accordance with (1.1.9). The first order method in time and space is evaluated, with
our numerical fluxes defined by (1.4.1)-(1.4.7). Note that ha remains stricly constant at the
discrete level, because of (1.4.3). Our results are compared to those obtained with the HLL
flux, see for example [24, Equation (2.111)], applied here to the system (1.1.6)-(1.1.8), (1.1.10)
with ha = 1/2, which is conservative. We ommit to plot the ha component, since it is constant
in both methods. The reference solution is plotted in Figure 1.3. It consists of, from left to
right, a left rarefaction wave, a left Alfven contact, a right Alfven contact, a right shock. There
is no material contact. We observe as expected that the components h, u only vary through
fast waves whereas the components v and b only vary through Alfven waves. In Figure 1.4 we
observe that the performances on fast waves are extremely similar for both methods, whereas

for Alfven waves, our 5-wave solver shows a much better resolution than the 2-wave HLL solver.

The numerical values for Test 2 are given in Table 1.2. The reference solution is plotted
in Figure 1.5. It consists of, from left to right, a left rarefaction wave, a left Alfven contact, a
material contact, a right Alfven contact, and a right shock. We observe in Figure 1.6 that the
second order resolution improves the sharpness of contact discontinuities, but sometimes gives

rise to slight instabilities.

The numerical values for Test 3 are given in Table 1.3. The reference solution is plotted in
Figure 1.7. It consists of, from left to right, a left rarefaction wave, a left Alfven contact, a right
rarefaction wave. There is no material contact, nor right Alfven contact. The numerical results
are shown in Figure 1.8. We notice that on the right the height h vanishes, and the variables w,
v, a, b take eventually non-physical values, due to the fact that only the conservative variables
hu, hv, ha, hb make sense. Taking this into account, we observe that the computed solution

achieves a good accuracy.
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1.5 Numerical tests

Values of z | h U ) a b

x<0.5 1. 02 07 05 04

0.5<x<1 |05 -0.1 03 1. 0.1

Tableau 1.1 — Initial data for Test 1, the Riemann problem with ha = 1/2

Valuesof x | h U ) a b

x<0.5 14 02 06 1 04

0.5<x<1 |02 -0.1 03 1.2 0.1

Tableau 1.2 — Initial data for Test 2, the Riemann problem with positive height

Valuesof z | h uw v a b

x<0.5 2. 1. 25 0.8 04

0.5<x<1 | 0. 0. 0. 0. 0.

Tableau 1.3 — Initial data for Test 3, the Riemann problem with vanishing height
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Figure 1.3 — Riemann solution for Test 1 at time ¢ = 0.1 computed with the HLL flux or the 5-wave
solver with 10000 points
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Figure 1.4 — Components h, u, v, b for Test 1 at time ¢ = 0.1 computed with the HLL flux and the
5-wave solver with 200 points. The reference solution is the continuous line.
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Chapter 2

A multi well-balanced scheme for the shallow

water MHD system with topography

Abstract

The shallow water magnetohydrodynamic system involves different families of physically
relevant steady states. In this paper, we design a well-balanced numerical scheme for the
shallow water magnetohydrodynamic system with topography, that resolves exactly a large
family of steady states. It is obtained by a generalized hydrostatic reconstruction algorithm
involving the magnetic field. It is positive in height and semi-discrete entropy satisfying,

which ensures the robustness of the scheme.

Keywords: Shallow water magnetohydrodynamics, topography, well-balanced scheme, hy-

drostatic reconstruction, semi-discrete entropy inequality.

Mathematics Subject Classification: 76W05, 76M12, 35165

2.1 Introduction

The shallow water magnetohydrodynamic (SWMHD) system has been introduced in [66] to
describe the thin layer evolution of the solar tachocline. It is written in 2d in the tangent plane
approximation as

Oh +V - (hu) =0, (2.1.1)
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with topography

dy(hu) + V- (hu®u— hb ® b) + V(gh?/2) + ghVz + fhut =0, (2.1.2)

9;(hb) +V - (hb®u—hu®b) +uV - (hb) =0, (2.1.3)

where g > 0 is the gravity constant, h > 0 is the thickness of the fluid, u = (u, v) is the velocity,
b = (a, b) is the magnetic field, z(z) is the topography, f(z) is the Coriolis parameter, and ut
denotes the vector obtained from u by a rotation of angle 7/2. The notation V - (b ® u) is for
the vector with index ¢ given by >=; 0;(b;u;). The system has to be completed with the entropy
(energy) inequality

1 1,1
8t<h]u]2 + 2gh? + =hib|? + ghz)
2 2 2 (2.1.4)

1 1
+V- ((2h|u|2 +gh* + Shlbl* + ghz)u — hb(b - u)) <0,

that becomes an equality in the absence of shocks. We recall that extra term uV - (hb) in the
induction equation (2.1.3), that has been proposed in [52], is put for 2d numerical purposes

only, while the physically relevant situation is V - (hb) = 0.

In the one and a half dimensional setting, i.e. if dependency is only in one spatial variable

x, the system simplifies to

Oph + 0y (hu) =0, ( )

O(hu) + 0, (hu* + P) + ghd,z — fhv = 0, ( )
0y (hv) 4+ 0, (huv + P,) + fhu =0, (2.1.7)

di(ha) + ud,(ha) =0, ( )

0y (hb) + 0, (hbu — hav) + vd,(ha) = 0, ( )

with ,

h
P=g7 —ha®, Pi=—hab, (2.1.10)
and the energy inequality (2.1.4) becomes

1 1 1
8t<2h(u2 + v?) + igh2 + §h(a2 +b?) + ghz>

(2.1.11)
—l—&c((éh(u? + v?) 4+ gh* 4+ $h(a® + b?) + ghz)u — ha(au + bv)) <0.
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2.1 Introduction

According to [51], the eigenvalues of the system (2.1.5)-(2.1.9) are u,u + |a|,u &+ /a% + gh.
The associated waves are called respectively material (or divergence) waves, Alfven waves and
magnetogravity waves. It is classical in shallow water systems to consider the topography z as
an additional variable to the system, satisfying 0,z = 0. In this setting there is an additional
eigenvalue which is 0, and we shall call the associated wave the topography wave. The presence
of the zero-order Coriolis terms proportional to f induces indeed more complex nonlinear waves
[107]. These are studied numerically in [30]. In the present work, from now on we shall always
assume that f = 0.

The system (2.1.5)-(2.1.9) is nonconservative in the variables ha, hb. However, ha jumps
only through the material contacts, where v and v are continuous. Therefore, there is indeed no
ambiguity in the non conservative products ud,(ha) and v0,(ha), that are well-defined. Con-
cerning the nonconservative term hd,z in (2.1.6), it is well-defined for continuous topography
z. Piecewise constant discontinuous z is considered however for discrete approximations.

A striking property of the system (2.1.5)-(2.1.9) is that four out of six of the waves are
contact discontinuities, corresponding to linearly degenerate eigenvalues: the material contacts
associated to the eigenvalue u, the left Alfven contacts associated to u — |a|, the right Alfven
contacts associated to u + |a|, and the topography contacts associated to the eigenvalue 0.
Resonance can occur, which means that these waves can collapse. It happens in particular
when v =0 or u £ |a| = 0.

Multidimensional simulations of the SWMHD system have been performed in [86, 91, 92].
As for the compressible MHD system, one-dimensional solvers that are accurate on contact
waves are needed in order to reduce significantly the numerical diffusion in complex and mul-
tidimensional settings, that generically involve Alfven waves, see for example [12, 62]. At the
same time, the robustness of the scheme must be maintained.

Well-balanced finite volume schemes for solving shallow water type models with topography
have been extensively developed, see [24] and the references therein. A main principle in such
schemes is to resolve exactly some steady states, in order to reduce significantly the numerical
viscosity. The same question arises for hydrodynamic systems without topography, when lin-
early degenerate eigenvalues are involved. Indeed, in the numerical simulation of conservation
laws, shocks are generally better resolved than contact discontinuities because of their com-
pressive nature. This is why it is important to resolve well the contact discontinuities, that do
not benefit of any compressive effect. In the SWMHD system (2.1.5)-(2.1.9), we have at the
same time “dynamic” linearly degenerate eigenvalues (material and Alfven contact waves), and
the “static” linearly degenerate eigenvalue (steady topography contact waves). The aim of this
paper is to build a well-balanced scheme for the SWMHD system (2.1.5)-(2.1.9) that is accurate
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on all these contact waves. It follows [29], where we built an entropy satisfying approximate
Riemann solver for the SWMHD system without topography that is accurate on all contact
waves.

A generic tool for building well-balanced schemes that we use is the hydrostatic recon-
struction method, that has been introduced in [6]. One of its strengths is that it enforces a
semi-discrete entropy inequality, ensuring the robustness of the scheme and the computation
of entropic shocks. Several variants and extensions have been proposed in [24, 25, 32, 34, 40].
Other approaches are the Roe method [11, 39, 41, 80, 81], the approximate Riemann solver
method [19, 43, 64]. Central schemes are used also, and can handle multi steady states [46].
Higher-order extensions are reviewed in [105].

The paper is organized as follows. In Section 2.2 we describe the steady states of the
SWMHD system with topography. In Section 2.3 we write down our numerical scheme, and
in particular the reconstruction involved in the numerical fluxes, and our main result Theorem
2.1. Section 2.4 is devoted to the proof of this theorem. Finally, in Section 2.5 we perform

numerical tests.

2.2 Steady states

As mentioned above, the system with topography (2.1.5)-(2.1.9) with f = 0 has four linearly
degenerate eigenvalues u — |al, u, u+ |a| and 0, that can be resonant. We would like to build a
scheme that is well-balanced for some contact waves for the eigenvalue 0, that are in particular
steady states. Several cases can be considered. For each of them, it is straightforward to check

that the following relations define steady states.

e Non-resonant case (u # 0 and u £ a # 0). The relations are

hu = cst (#0), ha=cst (# thu), v=cst, b= cst,
w2 a2 (2.2.1)

5—§+g(h+z):cst.

As in the classical shallow water system, we shall not consider these steady states for the

well-balanced property, because they are too complicate to handle (see however [32]).
e Material resonant case (u = 0 and a # 0). The differential relations are

u=0, wv=cst, hab=cst,

h2
0, (92 — haZ) + gh0,z = 0.

(2.2.2)
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Note that in contrast with the other cases, the second line in (2.2.2) is not integrable. It
implies that for discontinuous data, this differential relation can have different possible

interpretations in terms of nonconservative products.

We shall consider indeed a particular subfamily of steady states from (2.2.2), characterized
by the relation vh a = cst, which yields

u=0, v=cst, h+z=cst, Vha=cst (#£0), Vhb=cst. (2.2.3)

e Alfven resonant case (u # 0 and u &+ a = 0). The relations are

hu =cst (#0), ha=Fhu, h+z=cst, vEb=cst. (2.2.4)

e Material and Alfven resonant case (v = a = 0). The relations are

u=0, a=0, h+z=cst (2.2.5)

2.3 Formulas for the numerical fluxes, and main result

A finite volume scheme for the nonconservative system (2.1.5)-(2.1.9) with f = 0 can be

written

At
AZEi

Uptt = U — (Fl(Uz‘na U1, Azivye) — F (UL, UZL7AZZ'1/2))> (2:3.1)

where

U = (h, hu, hv, ha, hb), (2.3.2)

and as usual n stands for the time index, ¢ for the space location, and Az; 1/ = 241 —2;. Thus
we need to define the left and right numerical fluxes F}(U;, U, Az), F.(U;, U., Az), for all left
and right values Uy, U,, z;, z, with Az = 2, — z.

We use the hydrostatic reconstruction method of [6]. Denoting the left and right states
by U = (hy, hywg, by, hyay, i), U, = (hy, hyw,, hpvy, heay, heb,), we define the reconstructed
heights

Wt = (b - (Az)+>+, ht = (he - (—Az)+)+, (2.3.3)

with the notation 2, = max(0,z). We also define new reconstructed magnetic states

a# = ma;, of =ka,, (2.3.4)

57



Chapter 2. A multi well-balanced scheme for the shallow water MHD system
with topography

bt = kb, b = kb, (2.3.5)

T

. hy i h,
K; = min —, , Ky =min — ) 2.3.6
l ( 7 7) (157) 2.36)

and where v > 1 is a cutoff parameter. We define finally the left and right reconstructed states

with

as

UF = (hf i, o W ol hEVE) . UF = (i hifue, hffoe, i aff hEDE) . (237)

roUr r Yr 2 'Yr Y

Note that we use the notation # instead of * in order to avoid confusions with intermediate

states of Riemann solvers. Then the numerical fluxes are defined by

F(U, Uy, Az) = F(UF, U#)

—i—(O, g%’? — gth#Q, 0, (/{l(ha)l# - (ha)l)ul, (/ﬂ(ha)l# - (ha)l>vl>

+<I{l - 1) (07 Oa 07??(1((]1#’U#)7gjlhb<Ul#7U#))

T

T

b
LR, U) (o, 0.0 - ). M- n%)) ,

(2.3.8)
F (U, Uy, Az) = F.(UF,U#)

—i—(O, g%’% - gh§2, 0, (HT(ha)ff - (ha)r>uT, (/@«(ha)ff - (ha)r>vr>

+(rr = 1) (0, 0, 0,F4(UF, UF), 5 (UF, UF))

r b,
+FMUF, U#) (0, 0, 0, %(1 — K2), 5(1 - K2)> ,

s (s

where F; and F, are the numerical fluxes of [29] associated to the problem without topography,

and F" is its common left /right height flux.

Theorem 2.1. The scheme (2.3.1) with the numerical fluzes Fy, F, defined by (2.3.8) satisfies
the following properties.

(1) It is conservative in the variables h and hv,

(i1) It is consistent with (2.1.5)-(2.1.9) for smooth solutions,
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(111) It keeps the positivity of h under the CFL condition AtA(Ul#,UT#) < %min(Awl,A:U,,)
with A(.,.) the mazimum speed of the homogeneous solver, defined by [29, eq. (4.8)],

(iv) It satisfies a semi-discrete energy inequality associated to (2.1.11),

(v) It is well-balanced with respect to steady material and Alfven contact discontinuities with-

out jump in topography,

(vi) Under the condition

h | Py
v 2 max ( h—l, h#> (2.3.9)
l T

on the parameter v appearing in (2.5.6), it is well-balanced with respect to the steady states

(2.2.3) corresponding to material resonance,

(vii) It is well-balanced with respect to the steady states (2.2.5) corresponding to material and

Alfven resonance.

The proof of Theorem 2.1 is given in Section 2.4, and we give here some comments on this

result.

e The formulas (2.3.8) for the numerical fluxes are defined exactly so that the proof of the

entropy inequality is an identity. Then it follows that the scheme is consistent.

e The cutoff parameter v is put in order to prevent k;, K, to be too large. Without it one
would have possibly large al#, a?* and as a consequence a very restrictive CFL condition

stated in (iii).

e The particular values (2.3.6) of k;, k, are involved only in the well-balanced property
(vi), and do not matter for the other properties. We only need that their value is 1 when
Az = 0. In particular, if v = 1, we get x; = k, = 1 (but then we loose the property (vi)).

One can use also different formulas like
. hl . hr
Kl = mm(hl#,y), Ky = mm(}ﬁé,v), (2.3.10)
the idea being to have, if  is large enough, s, = hy/h}", k. = h./h¥, hi'al’ = hay,

h#a# = h,a,. However, with (2.3.10) or with (2.3.6), the scheme does not leave invariant

the data satisfying ha = cst, unfortunately.
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e Instead of (2.2.3), one can consider another subfamily of steady states from (2.2.2), char-

acterized by the relation ha = cst. It leads to consider the steady states
a2
u=0, v=ecst, ha=cst (#0), b=cst, h— 50 + 2z = cst, (2.3.11)
g

which are indeed the limit of (2.2.1) when hu — 0. An interesting question would be to
design a scheme that is well-balanced with respect to this family instead of (2.2.3).

2.4 Proof of Theorem 2.1

The proof of (i), i.e. F' = E" FM™ = FE"™ is obvious from formulas (2.3.8) since the
homogeneous solver already satisfies this property. We omit the proof of (iii), which follows the

proof of Proposition 4.14 in [24].

The property (v) is inherited from the homogeneous solver that is described in [29], since
Az =0 1implies F (U, U,,0)=F(U,U,), F.(U,U,0)=3F.(U,U,). (2.4.1)
We recall more explicitly that, defining
F(U) = (hu, hu* + P, huv + Py, 0, hbu — hav), (2.4.2)

this property of well-balancing for the homogeneous solver means that 3,(U;, U,) = F(U,) and
F-(U;,U,) = F(U,) for all data of the form:

Uy = Uy = 0, UV = Up, P(Ul) = P(U,«), PL(Ul) = PL(UT), (243)

or
hy =h., a =a, #0, u; = u, = |a|, bysgn(a;) — v, = b,sgn(a,) — vy, (2.4.4)

or
hy =h., ap =a, #0, w =u, = —|aq, bysgn(a;) + v, = b, sgn(a,) + v, (2.4.5)

or
hy=h,, wy=u,=0, aj =a, =0. (2.4.6)

For the proof of (vi), consider data U, U,, z, 2, satisfying (2.2.3), i.e. u; = u, = 0, v; = v,
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hi+ 2 = hy + zp, Vhiag = Vhea,, Vluby = \/h,b,. Then from (2.3.3) we get
hi = n¥ = h?, (2.4.7)

the common value h# being h, if Az > 0, or h; if Az < 0. Using condition (2.3.9), according to

(2.3.4), (2.3.5), (2.3.6), we get r; = \/hy /Wi, kp = \Jhe/BE BT 0] = /Pyay, VB o = /e,
VA = \/luby, /R DF = \/hyb,. Thus

Vhiat = h¥ VAT =/ hfvr (2.4.8)
Using (2.4.7), (2.4.8), we get
U/ = U = U* = (h#,0, v, W o™ h¥b7). (2.4.9)

We observe that then F,(U/, U#) = F,.(U/,U#) = F(U#), and that indeed

F(U*) = (0, g(1h#)2/2 — I# (a#)?, —h#a*b#, 0, ~h#a*u#). (2.4.10)
The formulas (2.3.8) yield

E = (0, g(hl)2/2 — hl(al)Z, —hlalbl, 0, —hlaﬂ)l> = F(Ul), (2411)

F= (O,g(hr)2/2 — hy(ar)?, —heayby, 0, —hrarvr> — F(U,), (2.4.12)

which proves the claim.

For the proof of (vii), consider data U;, U,, z, =z, satisfying (2.2.5), i.e. v, = u, = 0,
hi+ 2 = h.+ 2, a; = a, = 0. Then we get hj* = h#*, uff = u# =0, af = o = 0, and the
fluxes F;, F, are evaluated on states U/, U# of the type (2.4.6). Thus F,(U*, U#) = F(U/)

T

and F,(U, U#) = F(U#). Plugging this in (2.3.8), we obtain F; = F(U),), F, = F(U,), which

T

proves the claim.

2.4.1 Consistency

In order to get (ii) in Theorem 2.1 in the sense of Definition 4.2 in [24], we need to prove
that
F(U,U,0) = F.(U,U,0) = F(U), (2.4.13)
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and that as Uy - U, U, — U, Az — 0,

Fr(Ul7 UT‘7 AZ) - E(Ula UT7 AZ) = —B(U, U) ((ha),,. - (h’a)l)
(2.4.14)
+(o, —ghAz,0,0,0) +o(|Uy = Ul + U, — U] +]A4]),

with
B(u,v) = (0,0,0,u,v). (2.4.15)

The consistency with the exact flux (2.4.13) is obviously satisfied because of the property (2.4.1).

In order to prove the consistency with the source (2.4.14), we write

FT(Ula Ura AZ) - E(Ula U7”7 AZ)
= F.(UF, UF#) = F(U], UF)

+ B(u,, vr)</<ar(ha)# — (ha), ) — B(uy, ;) (/il(ha)# - (ha)l>
+ (ke — 1) (0, 0, 0,F0(UF, UF), F1(UF, UF))
)

—(m—1) (0, 0, 0, Fp(UF, UF), (U ,U# (2.4.16)

+F(UF, U (0, 0, 0, F(1—2), 5’“( m)
b
—FUF,U#) (0, 0, 0, %(1—/112) l(l—ﬁ%))

2
Let us denote A = |U; — U| + |U, — U| + |Az|. When U;,U, — U and Az — 0 one has from

(2.3.3)-(2.3.7) ki — 1 = O(A), K, — 1 = O(A), and thus U/ — U = O(A), U¥ —U = O(A) (we

consider only the case h > 0 here). Then the consistency of the numerical flux without source

hi? h2 h2
(0 97— g% +95 —g"

obtained in [29] gives

F.(UF, UF) = FuUF, UF) = —B(u,v) ((ha)f — (ha)F) + o(A). (2.4.17)
Next, we have
Bluy,v,) </€T(ha),# - (ha)r) _ B(u,0) </<r(ha)f _ (ha)r) +o(A), (2.4.18)
and
B(ul,vl)(mha)# _ (m),) — B(u,v) (mha)# - (ha)l) +o(A). (2.4.19)
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Summing up (2.4.17), (2.4.18), (2.4.19), we obtain

T (U, UF) = T (U, UF)
+ Bl ) (se(ha)? = (ha). ) = B, ) (m(ha)f = (ha),)
= B(u,v)(, — 1)(ha)# — B(u,v)(k — 1) (ha)]
— B(u,v)((ha), — (ha)) + o(A).
= B(u,v)(k, — 1)(ha) — B(u,v)(k; — 1)(ha)

— B(u,v)((ha), — (ha)) + o(A).

(2.4.20)

Now we look at the terms in the right-hand side of (2.4.16) from the third to the sixth line.
Using that (U, U) = F"(U,U) = 0 and F*(U,U) = F*(U,U) = hbu — hav, we deduce

('%T - 1) (Oa 07 Oagjfa(Ul#vU#%?ﬁb(Ul#’U#))

r

(2.4.21)
= (k, — 1) (0, 0, 0,0, hbu — hav) + o(A),
and
_</€l - 1) (07 07 07 9:lha(ljl#a Uﬁ% 3:llhb<[]l#7 Uq#))
(2.4.22)
= —(k;—1) (0, 0, 0,0, hbu — hav) + o(A).
Writing 1 — k2 = (1 + k,.)(1 — k,.), we get asymptotically
%(1 — k2) = a(l — k) + o(A). (2.4.23)
Similarly, we have
%(1 — w2 = a(l — ) + o(A), (2.4.24)
b, 9
5(1 — k) =b(1 — k) + 0o(A), (2.4.25)
bi 5
5(1 —ky) =b(1 — k) + o(A). (2.4.26)
Using (2.4.23), (2.4.24), (2.4.25), (2.4.26) and the property (U, U) = hu, we obtain
r br
FHUS, U#) (0, 0,0, T(1—x2), ZT(1- ﬁz)>
2 (2.4.27)

2
= (O, 0, 0, hua(l — k,), hub(1l — /{r)) +o(A),
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b
— FhNUF, U#) (0, 0, 0, %(1 — K?), 51(1 - @))

r

(2.4.28)
—(0, 0, 0, hua(l — &), hub(l — Hl)> +o(A).
The sum of (2.4.21), (2.4.22), (2.4.27), (2.4.28) gives the asymptotic formula
(5 = 1) (0, 0, 0,50(U7, UF), 51 (UF 7U7#>)
—(r = 1) (0, 0, 0,Fp(Uf, U#), F*( Ul ,U#))
ar

a; bl
g, o) (0, 0, 0, 5(1—&%% 2(1—@)

= —B(u,v)(k, — 1)(ha) + B(u,v)(k; — 1)(ha) + o(A).
Adding (2.4.20) and (2.4.29), we obtain the consistency of the nonconservative magnetic terms

(Ul ) ) Stl(Ul 7U7#)
+B(uy, v,) (/fr(ha )# — (ha) ) — B(ul,vl)( (ha)f — (ha)l>
+(rp — 1) (0, 0, 0,F(UF, UH#), FH(UF, UF))
—(k—1) (0, 0, 0,F(UF, UF), TP (UF, #))

U (0,0, 0, (-, Z(l—m%)

T

(2.4.30)

ay

b
_gjh(Ul#aU#) 0, 0, 0, 5(1_’%12)7 7[<1_’%l2)

= —B(u,v)((ha)r - (ha)l) +o(A).

Finally, as in the unmodified hydrostatic reconstruction scheme, the last line in (2.4.16) gives

the nonconservative topography term

h#2 h2 h2 B2
(O 97 - gE + g? - g?, 07 07 O) = (07 —ghAZ, Oa 07 0) + O(A> (2431>

With (2.4.30), all the terms in (2.4.16) have been expanded, and we get (2.4.14).
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2.4.2 Entropy inequality

Let us finally prove the property (iv) in Theorem 2.1. At the continous level, the energy
inequality (2.1.11) can be written

O FE + 0,G <0, (2.4.32)

with

EU,z)=EWU)+ ghz, G(U, z)=GU)+ ghzu, (2.4.33)

and
EXU)::;h@f—%v%—%;gh2+—;hﬁﬂ+—ﬁ)
GWU)=EU)u+ PU)u+ P.(U)w.

(2.4.34)

As before, U = (h, hu, hv, ha,hb) and P, P, are defined by (2.1.10). As proved in [29], the
scheme without topography satisfies a fully discrete energy inequality. According to [24, section

2.2.2], it implies that it satisfies also a semi-discrete energy inequality, under the form

G<Ur) + E/(UT) (‘rfr(Ula Ur) - F(Ur)) S S(Ulu UT)7

(2.4.35)
S(U,U,) <GU) + E"(U) (F(U, U,) — F(Uy)),

for all values of Uy, U,., where E’ is the derivative of F with respect to U, F' is defined in (2.4.2),

and G(U;, U,) is a consistent energy flux.

Then, for the scheme with topography, the characterization of the semi-discrete energy

inequality writes

G(U,, z) + E'(U,, z,) (F, — F(U,)) < (U, Uy, 21, 20),
S

X - (2.4.36)
(Ulv UT7 21, ZT‘) S G(Ul7 Zl) + E (Ula Zl) (E - F(Ul)) )

where E and G are defined by (2.4.33), E’ is the derivative of E with respect to U, and § is an

unknown consistent numerical energy flux. Let us choose

S(U, Uy, 21, 2,) = S(UF, UF) + FHUF, U#) g2, (2.4.37)

where " is the common h-component of F; and JF,, and for some 27 that is defined below.
Then, noticing that E'(U, z) = E'(U) + ¢2(1,0,0,0,0), we can write the desired inequalities
(2.4.36) as

G(U,) + E'(U) (F, = F(U,) + T U, UF ) g
< SUF,U#) + FMUF,UF ) g2,

T

(2.4.38)
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ST, UF) + FUF, U#)g*

< G(U) + E'(U) (F, — F(y) + F"(U#, U ) g2 (2.4.39)

By using (2.4.35) evaluated at U/, U# and comparing the result with (2.4.38) and (2.4.39), we

get the sufficient conditions

G(U,) + E'(U,) (F, = F(U,)) + 3"(U, U¥) gz,

< G(Uf) + E'(UF) (5.(UF, UF) — FUF)) + T UF, U )92t (2.4.40)

T

G + EUF) (FuUF, UF) - FUP)) + (U, UF)g2*

T

< G(Ul) + E’(Ul) (FZ _ F(Ul)) + Sth(Ul#’ UT#)QZZ- (2.4.41)

Let us focus on (2.4.40), that can be rewritten as

T

[G - E’F} + E'(U,)F, — E'(UF)F,(Uf, UF)

r

rit (2.4.42)
+9(z — 2#)FUF,UF) <0,

T

with

T

[G _ EF] = (G(Ur) _ E’(UT)F(UT)> _ <G(UT#) _ E’(U#)F(U#)). (2.4.43)

We compute now
E'U) = (— (u?* +0?) /24 gh — (a® + V%) /2,u,v, 0, b), (2.4.44)
and using (2.4.34), (2.4.2), we deduce the identity
h2
GU)—-E(U)FU) = —gyut ha(au + bv) = —P(U)u — P (U)w. (2.4.45)

Then, according to the definition (2.3.8) of F}.,

E'(U,)F, = E'(U,)F,. (U, U#)

T

: hy b
+E (Ur) <O7 g? - 977 07 (2446)

(f-@r(ha)jf7£ — (ha)r)ur, (/-@T(ha)fé — (ha)r)v,) +Q,,
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o Qr = E'(U) (ke = 1) (0, 0, 0,504V, UF), F" (U], UF))
+ E'(U)FMUT, U#) (0, 0, 0, %(1 — K2, 2‘(1 - @)) : (24.47)
Using (2.4.44) and (2.4.45), we can rewrite (2.4.46) as
E'U)F, = B(U)FUF,UF) - |G - E'F| T# +Q,. (2.4.48)
Thus the required inequality (2.4.42) simplifies to
(E'W) ~ EWH)F.UF U + Qu + gl — 1) (UF, UF) < 0. (2.4.49)
Now, one the one side, one can compute
Qr = (ke — o, T0(UF UF) + (k, — 10, T (UF, UY)
+ (1 - k2)FUT, Uf)a’%;rb’%. (2450
On the other side, according to (2.4.44), we have
E'(U;) — E'(UY)
= (g(h, — h¥) - & ; b | () ; (b’#)z,O, 0,a, —af, b, — b#) (2.4.51)
= (st 1) = 0= 5,00, ) 1= 0 ).
Using both (2.4.50) and (2.4.51), we get
(W) - BWA)FAUE U + Q= gl — iOFUE U (2452)
Plugging this in (2.4.49), we obtain the sufficient right inequality
g(hy — b + 2z, — 2HYFNUT  UF) < 0. (2.4.53)
A symmetric analysis for the left inequality (2.4.41) gives similarly
g(hy — hff + 2z — 2H)FUF  UF) > 0. (2.4.54)
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We choose 2% = max(z, 2,), so that (2.4.53), (2.4.54) can be finally put under the form

g(he = bt — (=Az) ) FMUF, UF) <0,

T

g(h — b = (A2))FHUF, UF#) > 0.

T

(2.4.55)

Taking into account (2.3.3), we observe that if h; — (Az); > 0 then the second line of (2.4.55) is
trivial. Otherwise 2] = 0 and the second inequality of (2.4.55) holds because F(0, U#) < 0 by

the h-nonnegativity of the numerical flux. The same argument is valid for the first inequality
of (2.4.55), which concludes the proof of Theorem 2.1.

2.5 Numerical tests

In this section we perform numerical computations in order to evaluate the properties of
the scheme, in relation with Theorem 2.1. First and second order methods in time and space
are evaluated, the latter using an ENO reconstruction, as described in [24, section 4.13]. The
conservative variable is U as in (2.3.2), and the slope limitations are performed on the variables
h, h + z, u, v, ha, b. We also compare different values of the parameter v, which is a key to
obtain the well-balanced property for steady states of material resonance. We take 200 points,
and plot a reference solution obtained by a second order computation with 3300 points. The
CFL-number is taken 1/2 in all tests.

Test case - The space variable z is taken in [0, 1], ¢ = 9.81. Neumann boundary conditions

are applied. The test consists of two steady states:

e On [0,1/2), we take initial data corresponding to a steady state in the case of material

resonance.

e On (1/2,1], we take initial data corresponding to a steady state in the case of material

and Alfven resonance.

The initial data is sketched on Figure 2.1 and the numerical values are given in Tables 2.1 and
2.2. The solution consists of, from left to right, a material contact, a left rarefaction wave, a
left Alfven contact, a resonant material - right Alfven contact, and a right shock. We observe
that the second order resolution improves the sharpness of contact discontinuities. On Figure
2.10, we observe that the solution computed with v = 1 looses the well-balanced property for
the resonant material contact, whereas with v = 2 it is well-balanced, which is coherent with

point (vi) of Theorem 2.1.
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. Material
Material
averia and Alfven
resonance
resonance
u = 0,v = cst, htr = cst
h+z=cst, Vha= uw = 7
cst, Vh b = est, o — O’

R
b, v continuous,

z discontinuous.

 —

Zz continaous.

|
|
!
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!
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|
|
1

Figure 2.1 — Initial data configuration

Values of | 2z h U v a b

x<0.2 0.5 1.5 00 20 1/V/1.5 2/V/15

02<x<0.5 | 0.0 20 00 20 1/vV2 2/V2

Tableau 2.1 — Initial data for Material resonance

Values of z z h U v a b

0.5<z <0.625 | 0.0 0.5 0.0 0.5 0.0 1.0

0.625<x<1 |d(z) (05—d(z))y 0.0 05+d(z) 0.0 1.0+d(x)

Tableau 2.2 — Initial data for Material and Alfven resonance, d(z) = 4.0 (z — 0.625)
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15

05

Figure 2.2 — Reference solution at time ¢ = 0.02 computed at second order with 3300 points

02 0,4 06 0.8 1

Figure 2.3 — Reference solution at time ¢t = 0.08 computed at second order with 3300 points
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T \ N T T T
—z
L — ref ]
- order 2
-—-- order 1
15+ _|
l I —
05+ P /
. | . | . | . | /
0,3 04 05 0,6 0,7

Figure 2.4 — Solution h + z at time ¢t = 0.02 computed at first and second order with 200 points. The
reference solution is the continuous line.

T T T T
2 ! —
—z
— ref
i - order 2 7
-—-- order 1
15 _|
1+ _|
05 — _
. | . | . | . | . |
04 0,45 0,5 0,55 0,6 0,65

Figure 2.5 — Solution v at time ¢ = 0.02 computed at first and second order with 200 points. The
reference solution is the continuous line.
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'{i
:
!
1t [
0,5
0 L | . i il 1
0,2 04 0,6 0,8 1

Figure 2.6 — Solution b at time ¢ = 0.02 computed at first and second order with 200 points. The
reference solution is the continuous line.

05

0 1 x 1 x \
0 0.2 0.4 06 08 1

Figure 2.7 — Solution h + z at time ¢ = 0.08 computed at first and second order with 200 points. The
reference solution is the continuous line.
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Numerical tests

2,5

15

05

0

Figure 2.8 — Solution v at time ¢ = 0.08 computed at first and second
reference solution is the continuous line.

25

15

05

Figure 2.9 — Solution b at time ¢t = 0.08 computed at first and second order
reference solution is the continuous line.
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S 5
15~ |
......... e §
1 B —]
_—
— y=2
i a—a Y= 2 i
=1
o0 =1
05 v |
| \ |
0.6 018 02 022

Figure 2.10 — Solution b at time ¢ = 0.02 computed at first order with 200 points with different values
of «v. The reference solutions are the continuous lines.
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Chapter 3

Convergence of the kinetic hydrostatic
reconstruction scheme for the Saint Venant

system

Abstract

We prove the convergence of the kinetic scheme with hydrostatic reconstruction for the
Saint-Venant system with topography. Using a sharp analysis of the dissipation recently
proposed in [7], we establish an estimate in the inverse of the square root of the space
increment Ax on the L? norm of gradient of approximate solution. It allows by the method of

Diperna to prove the convergence towards weak entropy solutions.

3.1 Introduction and main result

We consider the Saint Venant system

@h + am(hu2) 0,
9y (hu) + 0, (hu® + gh2) = —gh0,z, (3.1.1)
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where h(t,x) > 0, u(t,z) € R, g > 0 is the gravity constant, and the topography z(z) is given.

The system is completed with an entropy inequality

u? h? u?
O <h2 + 95 + ghz) + O, <<h2 + gh® + ghz) u) <0. (3.1.2)

We shall denote U = (h, hu), h > 0 and

2 h2

2
n(U) = h% tog. GU)= (hl; + ghQ) u, (3.1.3)

the entropy and entropy fluxes without topography.

For this system we have some existence and stability results [57, 75, 98, 102]. Concerning the
approximation of this system, several schemes have been investigated [4, 6, 8, 16, 20, 32, 37, 83]
and results dealing with the consistency, the stability or the convergence of those schemes
2, 14, 15, 23, 24, 84].w were established. Notice that the presence of a discontinuous topography

induces non-uniqueness of the solution [4, 104].

This paper we give a proof of convergence for the hydrostatic reconstruction scheme [6] with
kinetic flux [83]. Our result uses the work [7], that states that the hydrostatic reconstruction
scheme, used with the classical kinetic solver, satisfies a fully discrete entropy inequality with
an error term. In the case without topography, the error terms vanish and we have the following

inequality:

" " At

n(U; H) <n(U") - Ax
At g3m?

“ YA, /R |f’6<1§<0 (Mz'+1/2+ + Mi+1/27) (Mij1/24 — Mi+1/2—)2

+ Teso (Mi—1/2+ + Mi—l/Q—) (M;—1/94 — Mi—1/2—)2>df~ (3.1.4)

(éz’+1/2 - éi—1/2)

In the time-only discrete case and without topography, this single energy inequality that holds
for the kinetic scheme ensures the convergence [15]. The fully-discrete case (still without to-
pography) is treated in [14] and the result is given under the dissipation assumption that F'™
or —F~ (defined in (3.1.25)) are strictly n-dissipative, this notion being defined in [14, 23] .
Unfortunately this property does not hold for the scheme we considerer, there is a lack of strong
dissipativity of the kinetic scheme. Thus the new contribution of this paper is to give a proof for
the convergence in the case of non constant topography, under weaker dissipation assumptions.

Let us give here some of the main ideas of our proof. The first step is to establish a weak
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dissipation property that enables us to prove the convergence. Indeed we get that it is enough

that F'" — F'~ is strictly n-dissipative, which corresponds to the following inequality

NG (H<M2> ~ H(My) = o (U) @ (M M1>> s
> a((U) = n(Uh) =7/ (V) (Ux = ). (315)

A rigorous statement of this result can be founded in Lemma 3.6 and we can point out that it
is only valid on an open bounded convex set which does not content zero value for the height,
and the constant « is not explicit.

In order to go further in the proof we multiply by a time increment At the inquality (3.1.4) and
sum over indices ¢ and n. Then after doing some re-sum up on the gradient of the approximate
solution we are able to use (3.1.5). As a consequence we get an estimate and we conclude by a
compensated compactness result. Indeed we recall that the compensated compactness theory
[98] gives the compactness on a bounded sequence of approximate (U.) solutions of the system

which satisfies the properties
om(U.) + 0,G(U,) is compact in H;,!, (3.1.6)

for a sufficiently large family of entropies 7. In our work, we prove an estimate on the gradient

of the approximate numerical solutions (Ua):

C C
10Uallrz, <€ ==+ [10:Uallrz, <

VAZ == Az’

where Ax is the space increment. This is the key point of the method. Indeed, the estimates

(3.1.7)

(3.1.7) are enough as in Di Perna approximation technique [57] to control the entropy dissipation
as (3.1.6).

3.1.1 Kinetic representation

Before going into discretised models, we recall the classical kinetic Maxwellian equilibrium,
used in [83] for example, at the continuous level. The kinetic Maxwellian is given by

1/2

! (20h — (£ - u)2)+ : (3.1.8)

gr

M(U,¢) =

7
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where £ € R and x; = max(0, x) for any = € R. It satisfies the following moment relation,

/R (2) M(U, €)de = U. (3.1.9)

The interest of this particular form lies in its link with a kinetic entropy. Consider the kinetic

entropy,
2

H(fvf? )_

where f >0, £ € R and z € R, and its version without topography

+9zf, (3.1.10)

2.2

2
Ho(f,6) = 5 f + I3, (3.1.11)

Then one can check the relations
/H (U, €), €, 2)de = 5(U) + ghz, (3.1.12)
/5}1 (U, €), €, 2)de = G(U) + ghzu. (3.1.13)

Moreover, for any f(£) > 0, setting h = [ f(£)dE, hu = [£f(§)dE (assumed finite), one has the

following entropy minimization principle [7],
/Ho (U,€), ¢ d§</H0 ), €)dE. (3.1.14)

3.1.2 Hydrostatic reconstruction scheme and kinetic flux

We consider a time-step At and an uniform grid (z; /g)iez with space increment Ar =
Tit1/2 — Ti1/2, We set ;12 = iAzx and t, = nAt. Let U° = (h°, h%u), h® > 0, h°,u” € L°(R)
and x — z(z), assumed Lipschitz continuous, be an initial data. We define the discretization

of the initial data as

1 Tiy1/2
vt =+ [ Ut 3.1.15
vy (y)dy, (3.1.15)
and
z; an approximation of z(x;), (3.1.16)

where x; = (xiﬂ 2+ Ty /2) /2. Then the scheme writes

At
Un+1 ur — ~ (Fi+1/2— _ z‘—1/2+) , (3.1.17)
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with
Fij1/o- = ?(Ui+1/277 Ui+l/2+) = Siy1/2-, (3.1.18)

Fi 124+ = F(Uic1y2-, Uic124) + Sic1/2+, (3.1.19)

with 3 is a numerical flux for the system without topography. The source terms S;y1/2—, Si—1/24

0 0
SZ+1/2— == ( h?+1/2_ h2> 5 S’l—l/2+ == ( h2 h?_1/2+> . (3.]..20)
97 —rT

2 9% 9% —97

are defined by

The reconstructed states

Uit1/2- = (hiv1ja—, hivio-i),  Uizrjo4 = (hiv1jo4, P12+ ui) (3.1.21)
are defined by
hivije— = (hi + 20 — ziz1y2)+,  Pivrjor = (hisr + 2ip1 — Zigay2)+ (3.1.22)
and
Zip1/2 = Max(Z;, Zit1)- (3.1.23)

We will use in this paper a kinetic numerical flux F introduced in [83]

F(U,U,) = FH(U) + F~(U,), (3.1.24)

FH(U) :/R§15>0 (2) M(U, €)de, (3.1.25)
F(U) = [ ey (2) M(U,€)de,

with M (U, &) defined by (3.1.8).
We consider the velocity v, > 0 such that for all i,

MU, &) > 0< [€] < vp. (3.1.26)
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This means equivalently that |u;| + v/2¢gh; < v,,. We consider a CFL condition strictly less

than one,

At
= o 1 1.2
Una— < B <1, (3.1.27)

where (3 is a given constant.

3.1.3 Convergence result

Let (U, z;) be the scheme defined by (3.1.15)-(3.1.25). We define the approximate solution,
at fixed Az, by

Ua(t,z)
— Alt - UinjiglA_xUﬁl + U, (& — 2io1pe) + UM = UP | (£ = 1,)
+ Uﬁa;x[]gbl (x —xi_10) + U
for z;_1/o <o < i1y and t, <t <ty (3.1.28)
and we set
za(x) = %(x — ;) + 2z, forz; <z <xip. (3.1.29)

Moreover, for hy; > h,, > 0 and uy; > 0, we set
uhm:hl\lyuﬂl - {(hv u) € R27 I < h < hyy, |U| < UM} (3130)

which is a convex set. We state now the main result of this article, which is the proof of the

convergence of the numerical scheme.

Theorem 3.1. Let U° = (R h%°), h® > 0, W% u® € L>*(R), be an initial data and let

z € L®(R) N CYR) and Lipschitz continuous be the given topography. Let (U, z;) be the

scheme defined by (3.1.15)-(3.1.25). Let Ua be the continuous approximate solution to (3.1.1)

defined by (3.1.28) and za the approzimate topography defined by (3.1.29). We assume that
At

1 <o*

S VAL (3.1.31)
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for some v* > 0. Then let h,, > 0, hpy > 0 and upr > 0. We assume that
sup(|zis1 — 2i]) < i, (3.1.32)
which enables us to set hy, = hy, — sup;(|zig1 — 2]) > 0, and make the assumption
Vi,n, U €U hun (3.1.33)

with Un,, hyy oy defined by (3.1.30). Moreover we assume

Lip(za) < C, (3.1.34)
and that q q
ZA z .
2N v el v At uniformly. (3.1.35)
Az—0 Az—0

Then, under the CFL condition (3.1.27), up to a subsequence, Un — U a.e. in (t,x) and in
Cy([0,T], L, (R)) as At — 0 and Ax — 0 where U is a weak solution to (3.1.1) with initial

Tw*

data U° satisfying the entropy condition
atn(U) + axG(U) € Mloc; (3136)

for all suitable couple entropy-entropy flux (n, G) and the inequality (3.1.2).

The outline of the paper is as follows. In Section 3.2, we establish estimates on the gradient
of the approximate solution as we mentioned in (3.1.7). In Section 3.3, we introduce some
interpolation functions and prove some regularity estimates on the approximate solution. In
Section 3.4 we prove Theorem 3.1, first we obtain (3.1.6) by combining the gradient estimate and
the regularity estimate, then we complete the proof by applying a compensated compactness

result. The appendix is devoted to several technical results.

3.2 Estimate on the gradient of the approximate solution

This section is devoted to the proof of Proposition 3.2.

We have the following estimate on the approximate solution.

Proposition 3.2. Let U° = (h° h%P°), h® > 0, A% u® € L>®(R), be an initial data and let
z € L*(R) N CYR) and Lipschitz continuous be the given topography. Let (U, z;) be the
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scheme defined by (3.1.15)-(3.1.25). Let Up be the continuous approximate solution to (3.1.1)
defined by (3.1.28) and za the approximate topography defined by (3.1.29). Let B > 0 and v*,
P, har, up>0, involved respectively in assumption (3.1.27) and (3.1.31)-(3.1.34). We define
for all U = (h, hu),

h?  u?h?
UP =g— : 3.2.1
UF = g% + 5 (321)
Let N € N, T = NAt, iy, i1 € N such that 19 < i1. For alli < j € N, we set
IZ; = (.177;_1/2 — U*T, ZE]‘_H/Q + U*T) (322)
Then there exists some constants Cy, Cs, C3 such that
N—-1i1—1
SN AU, - UM < . (3.2.3)
n=0 i1=ig
N—1lij—1 Af2
ntl 712 2 2
S N AL PP < G s (1+02), (3.2.4)

n=0 i=ig

T r(@ij41/2 1/2 CQ
O, Un2dxdt < . 3.2.5
([ [ o) < P2 (325)

ig—1/2

T rxijy1/2 1/2 Cs
O, U |Pdxdt < . 3.2.6
</0 /%1/2 9.0 ) - VAz ( )

The constants Cy, Cy, Cs depend only on gravity constant g, hy,, har, Unr, Um, B, on final time

T, on |iy—172 — Tiy+1/2], on [[2] L=, HU(UO)”Ll(IfOfZ.l) and HhOHLl(Ifo*’il)'

We are able to find thoses estimates on 0,Ux and 0,Ua using recent results on discrete
kinetic inequalities founded in [7]. The proof we will be developing is rather technical and we
will use several lemmas in Section 3.2.3. We put their demonstrations in the appendix in order

to keep clarity of the demonstration.

3.2.1 Bounded propagation on the space integral of the height

Here we found some bound on i1, Azh.

ot =y — 2L

A (Flap = Flap). (3.2.7)

)
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with
EZ1/2 = /Rgﬂ£>0M(Ui7§)d§+/R€1§<OM(UZ‘+1,5)df. (3.2.8)

We multiply by Az and sum over index ¢ and we obtain

=10 i=ig
Then we notice that
—Atﬂlf+1/2 S AtvmhiIH, AtF‘i}(L)—l/2 S Atvmhio—l- (3210)

With CFL condition (3.1.27) we have

i1 i1+1
ST AzhIT < YT Axhl (3.2.11)
=1 i=ig—1

Let N € N and T'= NAt, using the previous inequality we get

i1 N i1+N iy +1/24N .
S AzhY < S0 A:ch;?:/ 1O (x)de. (3.2.12)
i=ig i=ig—N Tig—1/2—N

The last equality holds because h) = 1= ;T/j hO(z)dx. Moreover we have

Ax
Tig—1/2-N = Tjp—-1/2 — NAzx = Tip—1/2 — TE, (3213)

Ax
Lij4+1/24+N = LTij+1/2 -+ NAx = Tii+1/2 + TE (3214)

Therefore by assumption (3.1.31) we get
i1 T; +Tv*

S AxhY < / S @) e = RO e s, (3.2.15)

201

. — *
i=ig Tiy—1/2—Tv

*

with 1 0

10,01

defined in (3.2.2).
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3.2.2 From kinetic to macroscopic discrete entropy inequality

We use the notations introduced in Proposition 3.2. Using CFL condition (3.1.27) we can

use and integrate kinetic entropy inequality [7, Theorem 3.7] with respect to £ and we obtain

U(Uz‘n“) + gzih?ﬂ <n(U") + gzihi — o (éi—i—l/Q - 61—1/2)
At g*m?
/R |§’T <1£<0 (Mz‘+1/2+ + Mi+1/2—) (Mis1/204 — Mi+1/2—)2

YAz
+ Leso (Mi—1/2+ + Mi—1/2—) (Mi—1j24 — Mi—l/Q—)2>d§

vo, (B, o M-((M-—M- )2 4 (M, — M, )2>d£ (3.2.16)
B8 Ar m 6 - 7 7 i+1/2— 7 i—1/2+ s 4.
with
Gispr = /§<0 EH(Miy1ja4, 6, zig1y2)dE + /5>0 EH(Miy1y2-, &, ziy1/2)dS, (3.2.17)

the constant 5 > 0 is a dissipation constant depending only on 3, and Cs > 0 is a constant
depending only on 3. Using (3.1.9) and technical resultat over maxwellian functions (3.5.106),

we get that

(U + gzehi™ < n(UF) + gz — o, (éz’+1/2 - Gzel/z)
At g*m?
/R |§|T <ﬂ£<0 (Mi+1/2+ + Mz‘+1/2f) (Mig1jo+ — Migrjo-)?

VA,
+ 1eso (Mi71/2+ + Mi71/27) (M;—1/94 — Mil/2)2>df

At

2
G (m“’”) (g(hi — hisi/2-)* + g(hi — hz’1/2+)2>. (3.2.18)

Using the definition (3.1.22) we get that

0 S hl - hi+1/2_ S |Zi+1 — ZZ" s (3219)
0 S hl - hi_1/2+ S |Zi — Zi,ﬂ s (3220)
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and we deduce that

(U’n"rl) + gzzhn"rl < U(U ) + gzlhl g; (éi+l/2 —_ él 1/2)
g>m?
— VB Az / €] <15<0 <M2+1/2+ + Mit1/2- ) (Mis1/24 — Mi+1/2_)2

+ ]1§>0 (Mi71/2+ + Mifl/gf) (Mi71/2+ — M11/2)2>d€
At \?
+9Cp (Mvm> (leiss — 2> + 1z — 2 [P) . (3.2.21)

Then we follow the computations over height done in Subsection 3.2.1. Thus we multiply by

Ax, take the sum over ¢ and make a translation over index ¢ in order to obtain

Z Ax ( (Urth + gz,h”“) < Z Ax (n(U") + gzih;)
=10 1=10
— Atéi1+1/2 + Atéi0,1/2

i1—1

g>m?
— vt Yy / ’5‘ Mit1/24 + Mig1/o- ) (Mij1/24 — Mi+1/27)2d€

i=ig

g 7T
- VﬁAt/ ‘5’]1£< - (Mz1+1/2+ + Mll-‘rl/? ) (MZ1+1/2+ Ml1+1/2 ) df

6
e
- VBAt/ |§|ﬂ§>0

2

6 (Mzo—l/Q-i- + MH—I/Z—) (M10—1/2+ Mzo—l/2—)2d£

A2
+ Z 2gcﬁA Um |2i1 — 2. (3.2.22)

i=i9—1
We notice according to (3.2.17) that we have
—Atéil+1/2 S ,UmAt,r](Uil+1/2+) + UmAtghi+1/2+Zi+1/2, (3223)
and
_Atéiofl/Q < U AN(Uig—1/2—) + mAtghi—1/2-2i—1)2, (3.2.24)

with (3127), hi1+1/2+ S hi+1 and ’Ziﬁ_l/g — Zi1+1| S ‘Zi1+1 — Z,L'1|, it leads to

—Atéi1+1/2 S AJZT](UZ‘l_H) + UmAtghil+1Zi1+1 + ghMAt|Zi1+1 - Zi1|7 (3225)
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and similarly we get
—Atéio_l/g S ACL”/](UZ'O_l) + vatghiO_lziO_l —+ ghMAﬂZio — Zio—1|- (3226)

From (3.2.22), noticing that the last two integrals are nonpositive and using (3.2.25),(3.2.26),

we obtain

i1+1
ZAx( (U —|—gzlh"+1> S Ax((U]) + gzih)
1=1g i=19—1
i1—1
— vgAt Z / ’f\ M; /94 + Mig/o— ) (Mi+1/2+ - Mi+1/2—)2d5

i=ig
A 2
+ ghp At|zig — zig—1| + gham Atz 41 — 23| + Z 29C3— AL Um |2iv1 — 2i |2. (3.2.27)

i=ig

Next, we sum now over index n and we use that T'= NAt and that, by assumption (3.1.34)
and (3.1.29), we have

|ziv1 — 21| < CAx, (3.2.28)
and therefore we get
N—-1 171 At 2 9
9T hat|zig — zig—1] + 9T ha|zi 01 — 20| + D Y 29C5— A Um |ziy1 — 2| < C. (3.2.29)
n=0 i=ig

Thus we get

ZASL’( (UM) +gzth>

11—1

Miy1/24 + Mig1/o- ) (Mit1/24 — Mz‘+1/2—)2d§

i=ig

i=i9g—N

(3.2.30)

with C' depending on g, T', hay, B, Um, |@ig—1/2—%i, 11/2|. Now we will see that the integral in LHS
of (3.2.30) is underestimated by a term proportionnal to >3 STt At Ui /oy — Ui1 94 |2

1=ig—1
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3.2.3 Lower estimate of dissipation terms

First we notice that

7T
g Mii1j24 + Mig1o- ) (Mis1j2+ — Miyrjo-)?dg

s
Z 5 /]R |€|QT (2Mi+1/2+ + Mi+1/27) (Mi+1/2+ — Mi+1/2,)2d§. (3231)

Now using Lemma 3.8, we obtain that there exists some C' > 0 depending only on g, h,,,, hns, Uy
such that

+ My) (My — My)?d¢

>C <g(h2_2h1)2 n hmw> (3.2.32)

for every Uy , Uy € Uy,

shoarsung

Next we notice using the definitions (3.1.21) and the assumption (3.1.33) we get that

Ui+1/2+, Ui+1/2— € uhm’hM’uM. (3.2.33)

Thus from (3.2.31) and applying the last estimate (3.2.32) with Uy = Ui 41/2+ and Uy = Usyq/0-,

there exists some constant C' > 0 depending only on g, h,,, has, ups such that

g2
/ |§| Mit1/9+ + Miga1/o- ) (Mig1jo+ — Misrjo-)?d€

> CUit1j2+ — Uis1/2-|? (3.2.34)

where | - | is defined in (3.2.1).

3.2.4 Estimate of the discrete gradient

Now we use (3.2.34) in (3.2.30) and we get

N—lij—1
vgC Zo Z At|\Uiy1/24 — Ui+1/27|2
n=0 i=ig
i1+N
< Z Ax( (UM + gz z) ZAI( UMy +gthN)+C' (3.2.35)
i—io—N i=ig
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with C' depending on g, T', har, 3, Um, |Tig—1/2 — Tir41/2|-
Then we notice that n(U¥) > 0 and we get

N—1i=i;—1
vgC Z Z At|Uij1/24 — Ui+1/2—|2
n=0 i=i
’ i1+N
< Y A:c( (U)) + gz Z) + ZAJJ( gzihf-v) +C. (3.2.36)
i—=ig— N 1=1g

Next, using (3.1.16) and the fact we assumed z € L>®(R) we get Vi, z; < ||2||o0, we have

1 ZTit1/2
guhd < - M llz )|k () da, (3.2.37)
Ti—1/2

Moreover, by convexity of (h, hu) — n(U), we have

1 Tit1/2
nU) < - / N(U°(2)) da. (3.2.38)
Ti—1/2

Combining the last two results and summing over n we get

i1+N

> Ax( (U9 + gzlh()) < /wilﬂ/?wn (Uo(x)> + gll2|loch’ () dz. (3.2.39)
ig—1/2—N

i=ig—N

One notice that z;,_12-n = 74y — NAT = 24 — Tﬁf and by finite propagation hypothesis
(3.1.31) one deduce that

ey Ty 41/2F0" T
S Ax(nU) + gzhl) < / 0 (U°(2)) + gllzlloch®(x) da (3.2.40)
i—=ig—N io—l/z—U*T

= I,y + lzloo Pl e, 5, (3.2.41)

with 1?7, defined in (3.2.2). In addition, by preliminary computation (3.2.15), we have

10,81
(51
Z Am( gzth) < g]12]loo Z Azh) < g||z||oo||h0||L1(1u : (3.2.42)
=10 1=1ig
Using together (3.2.40), (3.2.42) and (3.2.29) in (3.2.36), we get
N—-1i1—1

Z Z At|UZ+1/2+ Z+1/2 | < C (3243)

n=0 i=ig
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3.2 Estimate on the gradient of the approximate solution

where C depends on g, hm7 hM7 UMy Um, 57 T7 on ‘xiofl/Q_xi1+1/2|7 HZHLOQ7 Hn(UO)HLl(IfO*il) and
W0 1o ). Moreover using triangle inequality and (3.1.21)-(3.1.23),(3.2.1)(3.2.20),(3.2.19)
t0-%1

there exist some absolute constant C such that

Ui — Ui?
<ClUit1/24 — Ui+1/2—’2 + C\Uit1/2+ — Ui+1’2 + C\Uij1/2- — Ui’27
<ClUis12+ — Uipapo-* + Clzia — 2 + Clzi — 2%,
<C|Uitrjo4 — Uit12-|* + 2C A, (3.2.44)

Last inequality holds because of (3.2.28). With (3.2.43), we get (3.2.3) of Proposition 3.2.
In addition, using (3.1.17), (3.5.112), (3.5.113) and (3.2.3), we get (3.2.4) of Proposition 3.2.

3.2.5 End of the proof of Proposition 3.2: estimate the gradient of

the approximate solution

Now from (3.1.28) we compute

t—t, Ut —urt —ur, + U, U, UM,

0, Un = ! ! 3.2.45
AT A oAz T oA (3:2:45)
and using the triangle inequality we obtain that

tn 1 T;

/ : / 0, UA Pdadt
ln Ti—1/2
At
< O OB = UPF P 4 U = UZAYP 4 (UL, = UPP 41U = U] (32.46)

with C' > 0 an absolute constant. In consequence, by using (3.2.3) we get (3.2.5) by summing

over ¢ and n. Similarly, from (3.1.28) we compute

g~ L [UST - UM - Ui, + U
A 2Ax

At (iL‘ — $i71/2) + Uin—H - Uzn‘| (3247)
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thus

tn 1 €T;
/+ / 1 0,UPdwdt
tn x;

i—1/2

A:C n n n n mn n
< Sy U = URA PP+ Uy = UZ P+ U = Up PP
1 Az?

= o ap VRS = URa P+ U2 = UPP + U = U7 P

in consequence, by using (3.2.4) we get (3.2.6) by summing over i and n.

This concludes the proof of Proposition 3.2

3.3 Regularity estimates

Before going into the proof of Theorem 3.1 , we give some regularity estimate.

3.3.1 Definition of interpolation functions Ux and Fa

We define Ua (t) a piecewise linear function by

~ t—1t,
Ua(t) =U; — Ar (Fz'+1/2— - i—1/2+)

for t,, <t < tny1, with Fipq/o—, Fj_q1/24 defined in (3.1.18).
Let us remark that

Vne |0, N, Ua(t")=Upr,  lim  Ua(t) = U/ = Ua(t™)
t—tntl
t<tntl

i.e. Ua(t) is continuous.
We also define Fia(z) € C(R) by

T —Ti-1/2
Az
Tiv1/2 — T

Ax

Fa(z) = (F*(Uis1j2-) + F~ (Ui1)24))

+ (F+(Ui71/27) +F_(Ui71/2+))

(3.2.48)

(3.3.1)

(3.3.2)

(3.3.3)

for x;_1/0 <& < @441/, with F*, F~ defined in (3.1.25), U;_1/o—, U;_1/2+ defined in (3.1.21).

Let us remark that
Vi€ Z, Fa(zi—ip)=1F <U¢—1/2—, Ui—1/2+> :
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and
lim ﬁA(x) =F (Ui+1/27, Ui+1/2+) = ﬁA($i+1/2) (3.3.5)

:D—}:l‘i+1/2
T<Ti41/2

They satisfy a partial differential equation
8t(~JA —+ 8wﬁA = gA (336)

with

1
SA(t,.%) = M (Si+1/2— + Si_1/2+> (337)
for t, <t <tny1 and x;_1/0 < & < @iq1/2, With hip1/o—, hip1jo4 defined in (3.1.22) and S0,

Si+1/2+ defined in (3120)

3.3.2 Estimate of [ [z} |Ua — Ua|? dtda

10—1/2

We will see later on that, in order to prove compactness of the sequence 0;n(Un ) + 0,G(Ua)

in a convenient space, we will need an estimate on Ux — Ua. It is the following proposition:

Lemma 3.3. Let 5 > 0 and v*, hy,, hyr, upr>0, involved respectively in assumption (3.1.27)
and (3.1.31)-(3.1.34). Let N € N, T = NAt, iy, i1 € N such that iy < iy. Let Un be the
approzimate solution (3.1.28) and Ua defined by (3.3.1). Then

T rziii11)2 ~ %
(/ / U UA — Oa? dtdx) < CVAz (3.3.8)

0 Jziy_1/2
with | - | defined by (3.2.1). The constant C depends only on g, hy, hy, Unr, Um, B, T,

[wio-3/2 = Zivrpol, 12l 10U ey, ) and ||h0||L1(1;»O*71,Z.1+1); Ii i defined in (3.2.2).

Proof. On the one hand we use (3.1.28), the definition of Ua, and we write

Up — U"
1 :ijil B Uznjil B Uﬁi—l + Uzn—l +1
= — T n — UM (t -t
At IAT (:L‘ Z; 1/2) + Uz Uz ( n)
ur,—-u™
%(.ﬁ — .Q?i_l/Q), (339)

for all w;_1/0 <o < wiy10 and 1, <t <tpyy.
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Using the triangle inequality, we obtain

1

2
1 1

+5 UL = U+ 51U = ULy + U = U7

1
Ua = UF| < S| = U7+ S Ut — o

1 1
H5lUL = U+ 5 |UF = Uiy (3.3.10)
Thus,

b1 (Tit1/2 n2 n+1 n+1)2 n+1 n+1)2
/t / Ua — UPPdzdt < CiAtAZ (UKL — UPFL2 4 U+ — Ut

i—1/2

U = UPP U7 = UL, P4+ 07 = 071). (334

with C; > 0 an absolute constant.

Next, we set

Ur(t,z) =UP, (3.3.12)

for xi_10 < x < Tipyp,t" <t < t"*1. Now, taking the sum over n and i and making

substitutions of indices, we get

T o » N+1 i1+l
/ / Ua — ULPdzdt <4CiAx S S AHUR, — UPJ?
0 Jzig—1/2 n=0 i=ig—1
N+1 i1+1
+C1Az > ST AUM = UM (3.3.13)

n=0 i=ip—1

Then we use the discrete gradient estimates (3.2.3), (3.2.4) and CFL condition (3.1.27) in order
to get

T rxijt1)2 112
/ / U — ULPdadt < CyAx, (3.3.14)
0 z;

ig—1/2
with C5 a constant depending on g, fm, har, Ung, Um, B, T |Tig—3/2—Ti 41/2], || 2] e, ||77(U0)HL1(I;JO*

and Hho HLl(I'Z}O*fl,il«}l) .
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3.3 Regularity estimates

On the other hand we use (3.3.1), the definition of Ua, and we get

Ur —Ua

t—1t, _ _
= (F+<Ui+1/2) + F~(Uis1j24) = F(Ui1ja-) = F~(Uiz1/24)

Ax
g 0
—Z , (3.3.15)
2 (h? - h?+1/2— - <h12+1 - h§+1/2+)) )

for all t,, <t < t,4q, with F*, I~ defined in (3.1.25), Uiy1/2—, Ujy1/24 defined in (3.1.21),
Rit1/24, hiy1/2— defined in (3.1.22).

Then, using that F* and F~ are Lipschitz continuous, see (3.5.112) and (3.5.113), with the
CFL condition (3.1.27) we obtain that there exists C5 > 0, depending on g, hys, up and vy,
such that

Ul — Ua|

<Cjs ('Ui+1/2 —Ui—1po-| + [Uspr24 — Uim1)24]

g
+2

B W — (e — Ry ) , (3:316)

for all t, <t <t,41.
Moreover using (3.1.21)-(3.1.23), (3.2.1), (3.2.20), (3.2.19), we get that there exists C' > 0,
depending only on g and h,, such that

|Ui+1/2— - i—1/2—’ < C (Jhi = hie1| + |zig1 — zi| + |20 — ziz1]) (3.3.17)

Uivrj2+ — Uicroe] < C(Jhiva — hil + |zig1 — 21| + 2 — zia]) - (3.3.18)

In addition, (3.5.133), (3.5.133),we deduce that there exists C', depending on hj; such that

g
3 1= hiajes = (W = Wio))| < Clais — 2il 4 Clai = i, (3.3.19)

Thus, from (3.3.16) using the triangle inequality with (3.3.17), (3.3.18) and (3.3.19), there exists
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C depending on g, h,,, hys such that

tnt1l [Tiy1/2 ~
/ / T — U 2dtda
tn Ti—1/2

S CAtAx (|hz - hi—1|2 + |hi+1 - hz|2 + |Zi+1 - Zi|2 + |ZZ - Zi—1|2> . (3320)
Now, taking the sum over n and 7 and making substitutions of indices, we get

T xil ~
/ / UL~ UaPdudt
0 xz,

ig—1/2
N+1 41+1 N+1 4141

<CAz (DY > AYUR, =UMP+ >0 Y. Atz — a7, (3.3.21)
n=0 i=ip—1 n=0 i=ip—1

with U} defined in (3.3.12) and C'is a constant depending on g, h,,, has. Next, using (3.2.28)
and the gradient estimate (3.2.3), we get

T @i 41)2 1 ~ 9
/ / UL — UalPdadt < CyAx, (3.3.22)
0 )

Tig—1/2

with 02 a constant depending ong, hm7 hM7 Uty U,y B? Ta |l’i0*3/2_$i1+1/2|7 ||Z||L°°7 ||n(U0)HL1(I;’O*71 i1+1)

and ||h0 ||L1(I@'1)0*71,i1+1) .

Finally, noticing that Ux — Ux = (UA — Ui) + (Ui - (~]A), we get

T $i1 ~
/ / U — UaPdtde
0 x;

ig—1/2

T rxi41/2 112 T rxii41/2 1 ~ 9
<2 / / Ua — UL dtdx+/ / UL — Ua2dtde ) . (3.3.23)
0 Tig—1/2 0 Tig—1/2
With (3.3.14), (3.3.22) we get (3.3.8), which concludes the proof. O

3.3.3 Estimate of [T [;,"}) |F(Us) — Fal? dtdx

ig—1/2

We will see later on that, in order to prove compactness of the sequence 0;n(Un ) + 0,G(Ua)

in H;,}, we will need an estimate on F(Ua) — Fa. It is the following proposition:

Lemma 3.4. Let § > 0 and v*, hy,, hyr, up>0, involved respectively in assumption (3.1.27)
and (3.1.31)-(3.1.34). Let N € N, T = NAt, iy, iy € N such that iy < iy. Let Up be the
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approzimate solution (3.1.28) and Fa defined by (3.3.3). Then

T rziit1)2 ~
/ / |F(Un) — Fal? dtdr < CAx (3.3.24)
0 x;

ig—1/2

with | - | defined by (3.2.1). The constant C depends only on g, hy, hy, un, Um, B, T,
y and || g1 o o 101 defined in (3.2.2).

[Tio—s72 = Tirwasals 2l [10(Uo) | arye S

1,i1+1

Proof. We recall here (3.3.3)

~ T — T;— _
Fa(r) = Axil/Z (F+(Ui+1/2—) +F (Uz'+1/2+))
Tiv1/2 — T _
R (Fr(Uisrjo-) + F~(Uic1/4)) (3.3.25)

for all w;_1/2 < x < xi11/2. Moreover, we have
F(UA) = F+(UA) + F_<UA). (3.3.26)
Thus, using triangle inequality, for all z;,_1/0 < < x;41/2, We get

|[Fa(z) — F(Ua)|
= ; ‘F+(Ui+1/2—> - F+(UA)‘ + ; ‘F_(U¢+1/2+) — F_(UA)’

+ ; (Ui ) — F*(Us)] + ; P~ (Uisajas) = F(Us)) (3.3.27)

Then, using that F'* and F'~ are Lipschitz continuous, see (3.5.112) and (3.5.113), with the
CFL condition (3.1.27) we obtain that there exists C' > 0, depending on g, hy,, has, upy and vy,
such that

|Fa(e) = F(Us)]

< O (|Uiprjo- = Ua| + [Uiprjos = Ua| + [Uicrjo- = Ua| + [Uicrjoy — Ua) (3.3.28)
Moreover using (3.1.21), (3.2.19), (3.2.20), we get
|[Fa(e) = F(Ua)|
< CQ2U = Ual + [Uir = Ua| + [Uim1 = Ua| + 201 — 21| + |20 — 2i-1) (3.3.29)

with C' > 0, depending on g, h,,, has, up and v,,.
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Thus we get

tn i ~
L F(U) Pt
tn

Ti—1/2

< Cf tn+1 / i+1/2 ‘Ul _ UA|2 dtd:c
tn

Ti—1/2

+CAtA$ (’Ui+1 - Uz|2 + |Ui,1 - Ull + ‘Z/L'Jrl - Zi’ + ‘Zi - 22;1’2) y

with C' > 0 an absolute contant.

Now, taking the sum over n and ¢ and making substitutions of indices, we get

/ / 11+1/2 ~ UA | dudt < / / i1+1/2 ‘UA B Ui|2dxdt
Tig—1/2 Tig—1/2
N+1 21+1 N+1 i1+1
n=0 i=ip—1 n=0 1=ip—1

(3.3.30)

(3.3.31)

Finally, using (3.2.28), the gradient estimate (3.2.3) and previous estimation (3.3.14), involving

Ua — U, we get (3.3.24), which concludes the proof.

3.4 Proof of Theorem 3.1

Using (3.4.1) we compute

OUs + 0, F(Un) = 0,(Us — Ua) + 0y (F(Ua) = Fa) + Sa,

]

(3.4.1)

with Ua(t, z) defined in (3.1.28). We multiply (3.4.1) by 7'(Ua) and we get, for any entropy-

entropy flux (7, G), the following decomposition
0m(Ua) + 0,G(Ua) = 0/ (Ua) - h(Us — Ua)
+ TII(UA) . (91 (F(UA) — ﬁA)

+ 1/(Ua) - Sa
:R1+M1+R2+M2_77/(UA)'§A
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where
Ri= 0, (1 (Us)- (Us — Ua)).
My = —n"(Ua) - 0Us - (Ua = Ua),
Ry = 0, (W (Ua)- (F(Us) = Fa)),

My = =" (Us) - 0,Us - (F(Us) — Fa). (3.4.3)

First we have, using (3.3.24)

T rR N )
[ W) (Fws) - ) dode
< I Oimorianny [ [ [(F(U8) = Bs) [ dud
- CR\/A_x (3.4.4)

thus Ry goes to zero in H,,,1 as Ax — 0. Similarly, using (3.3.8), R; goes to zero in H,, 1 as
Az — 0.
Futhermore, using (3.2.5) and (3.3.24), we have

T rR
/ / | My |dadt
0 —R

. 1/2
< U] (//|8tUA| dxdt) / (F(Ua) - Ba)[ dedt
L°°] T[><] RR[ J

:;u\;g

Ch
< (U C3V Ax
L°°|(|]70],T([><]A—)R|!R[)\/E s
< Cp (3.4.5)

thus My is bounded in M,.((0,7") x R). Similarly, using (3.2.6) and (3.3.8), M; is bounded in
Mioe((0,T) x R).
Using (3.5.133), if z;,1 — 2; > 0, we have

Sit1/2— . .
|+Al;:2’ < CLip(za) (||Ua|loo + AzLip(2)), (3.4.6)
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and if not, h; = h;;1/5— and the last inequality holds.
Similarly, using (3.5.134), if z;41 — z; > 0, we have
1Si—1/2+]

x

Ay S CLin(2a) ([Ualles + AxLip(2)) (3.4.7)

and if not, h; = h;_1/2+ and the last inequality holds. Using (3.4.6), (3.4.7), we get
1Salloe < CLip(2a) (|Ualloo + AzLip(2)) . (3.4.8)

Moreover, according to (3.4.2) and (3.4.3), one has

On(Ua) + 0.G(Upn) — Ry — Ry = My + My + ' (Ua) - Sa (3.4.9)

thus My + My + 0/ (Ua) - S is bounded in I/Vl;cl’p N Mo, Vp, 1 < p < +00, as a consequence
it is compact in H,!. At this point, we know that R; + Ry and M; + My + n/(Un) - SA are
compact in H},!, therefore their sum, which is equal to 9;(Ua) + 9,G(Ua), is compact in Hy,}.
Furthermore, (Ua)aso is bounded since we assume that (U}*); ,, is a bounded sequence. We are
now able to apply the compensated compactness method and we get that up to a subsequence
Ur — U ae. and in L., , as At — 0 and Az — 0, see [75].

Moreover, according to Lemma 3.11, 9;Ua is bounded in L°(D!) and therefore we get
A ((Ua(t), Us(t2))grnay < CIOUa oyt — tl, (3.4.10)

and we conclude that Ux — U in Cy([0, T, LS, (R)), Then, knowing that Ua converges in Lj,,
to U, we can apply Lemma 3.12, which concludes the convergence of the approximate source
term S A to S.

Finally, we pass to the limit in (3.4.1) using (3.3.8), (3.3.24), and (3.5.131), which enables us
to get that the limit U is a solution to the system. Moreover passing to the limit with a test
function ¢ in (3.2.16) we get (3.1.2).

This ends the proof of Theorem 3.1.

3.5 Appendix

We prove here some technical results used throughout the paper.
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Lemma 3.5. Let Uk = (hy, hyug) for k =1, 2 with hy, > 0. Then

927T2

6

= H(My) — H(M,) —n'(Uy) (2) (My — My)

(2My + My) (M, — M2)2

£ —w)’
= Le—u)2>29n Mo <(21> —gh1 |, (3.5.1)

where My = Myp(§) = M(Uy,§), and M(U,§) is defined in (3.1.8) and H(f) = H(f,€) is
defined in (3.1.8).

Proof. Using the identity

b’ —a® —3a*(b—a) = (b+2a)(b—a)? (3.5.2)
one has
g*n?
5 (2M, + My) (My — My)* = H(My) — H(M,) — H'(M,) (My — M), (3.5.3)
where we donote H'(f,§) = %H (f,€). Thus it is sufficient to prove
/ 1 !
(77 (Uh) (5) - H (Mz)) (Mz — M)
= ~Lig—u)2>20n, M2 <(€ 9 ) - 9h1> . (3.5.4)
On the one hand we compute
1 u?
On the other hand we get
2 22
(M) =2+ a2
2 )2
_ &4 (gny = Ezm (3.5.6)
2 2 N
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In consequence, by adding (3.5.5) and (3.5.6) we get

1 —uyp)?
1'(Ur) (5) — H'(Mz) = = Lg—uy)2>20m, <(§21) - 9h1> : (3.5.7)
and therefore
/ ]' !
(77 (Uy) (5) - H (Mz)) (My — M)
—uq)?
Finally we notice that
(€ —up)?* > 2ghy <= M; =0 (3.5.9)
and we get (3.5.4), which concludes the proof. O

Lemma 3.6. There exists some constant o« > 0, depending only on on gravity constant g, on

constants hy,, har, unr, which are involved in (3.1.30), such that
e (H(Mrz) ~ H(My) o/ (U3) @ (M, - M1>> it
> a (n(Uz) = n(Ur) =0/ (Ur) (Us — Uh)) (3.5.10)

for every Uy, Uy € Up,, nyyuy defined by (3.1.30) and where My = My(§) = M(Uy, &), with
M(U,§) defined in (3.1.8), H(f) = H(f,§) is defined in (3.1.8) and n(U) defined in (3.1.3).

Proof. We set

Up, = {(h, hu) € R, h > hy, } (3.5.11)
and we first deal with the case
hy ho ——
Uy = and Uy = € Uy, such that |u; — ug| < \/ghum,. (3.5.12)
h1U1 h2u2
In this case we have
Vi e [0,1], (1 =)' (Uy) + 0/ (Us) € /' (Usy,). (3.5.13)
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with ,
i@;zz{(h,hu)GJR% h;zé"}. (3.5.14)
Indeed we notice that
AN b V2
> g— — =, 5.1
(%)En(um)@%_% 5 (3.5.15)

Thus (3.5.13) is equivalent to
Vt € [0,1],Vhy, hy > hp, Vuq, us € R; such that |ug — us| < \/ghm,

2 2 h, 1 2
(1—1) <gh1 — u21> +t <gh2 — u;) > 95 ~ 3 ((1 —t)uy + tuQ> . (3.5.16)

Thus it is sufficient to check that
Vt € [0,1], Vuy, ug € R, such that |u; — ug| < \/ngm

u? u3 By 1 2

This inequality simplifies to

h,, (1 —t
‘v’tG[O,I],Vul,uQeR 9 > ( )

5 5 (uy — us)? (3.5.18)

which is true if |u; — us| < 2v/ghy,.
We want now to use property (3.5.13) and define a path v(t) € W,,, connecting two states Uy,
U, satisfying (3.5.12) by

n (v(t)) = (1 —6)n'(Uy) + tn'(Us) (3.5.19)
for 0 <t < 1. Such a definition is possible because 7 is strictly convex and 7’ is a diffeormor-

phism. It enables us to set

o(t) = [[161(HOI(().©) - HM©1,6)

~ /() 2) (M(o(8),) = M(U,€) )
— @ (nfo(t)) = n(Uh) =1/ (U3) (0(t) = V). (3520
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We notice that ¢(0) = 0, and the result of (3.5.10) is equivalent to ¢(1) > 0. Thus it is sufficient
to prove that ¢ is non-decreasing. Using the fact that

n'(U) (2) = H' (M(U,§),€), for all £ € R such that M (U, &) > 0, (3.5.21)

we can compute

o) = [ Iel 6 (w(t)) = o/ (U1) @ M(u(0),€) - v/ (1)
— (0 (w(t) =/ (T2) - (1), (3522

Moreover using
' (v(t) = n'(U) = tn"(v(t)) -/ (t) (3.5.23)

we get

—tn"(v(t)) - V' (t) - V'(2), (3.5.24)

(3.5.25)
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Thus now it is sufficient for getting (3.5.10) to prove that

YU € U,,, VX € R

Llrwee (n"<U> @) X XdgZ an'(U) - XX,

For all U € U,, and ¢ € R such that M(U, &) > 0, we compute

() (2) — H(M(U,€).€)

and

Moreover one can check that

H" (M(U,€)) = g*m*M(U,¢)

o ()

— 2 / /
—gw/(womMU& &) ® M'(U,€)de.

and we obtain

which is equivalent to

LIen .6 @ 6r'(U)X) - X - Xdg
_ 22 / . 2
=g [ ML) (M) - X)* de
for all X € R?,

Now we denote X = (ml) and compute M'(U, &) - X. We recall that
X2

M) =~ (20h = (€= w?)", U= (hh

(3.5.26)

(3.5.27)

(3.5.28)

(3.5.29)

(3.5.30)

(3.5.31)

(3.5.32)
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SO we can rewrite

1 i \2\
M(U,@:W(zgh—(s—,j‘))

+

and compute partial derivatives

ahM(U’ f) =

297

and

ahuM(Uv f) =

27

Finally it leads to the formula

M(U,¢) - X = MU~ (gxl + (f—hu) (g — ux1)> :

9271'2

Now we denote .

3 = — (rg — uxy)
h
in order to write

(U)X = MO g+ (6 -y

and using (3.5.38) and (3.5.31) we get

Lleprwee (n"w) (2)) XX

— 422 / . 2
=01 [ MO (O'(U,€) - X" de

1 1

_ _ 2
= g27T2/M(U,§)>O €] M(U.6) (g1 + (& —u)z3)” d§

1 2 g¢
2 JV2gh /|g—u<\/27h €1 (g1 + (€ — w)as)"dS = 1.

Last estimate In order to get the we used the fact that

MU = o (20h - (¢ - )" < V00

Using the substitution v = £ — v and using the convention that

if u =0 then sgn(u) =1
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we obtain

1 2
1=—— | + d 3.5.42
g Igh Sy oy (3542)

1 2
27/ v| + |u|) (gr1 + vsgn(u)xrs)” dv 3.5.43
g dZah e Tghvsgn(v):sgn(w(' |+ |ul) (921 + vsgn(u)zs) ( )
1 \/2gh
> W/O v (gz1 4 vsgn(u)zs)® dv (3.5.44)

1 \/2gh
m /@ (g1 + vsgn(u)zs)? dv. (3.5.45)

2

v

Using the substitution £ = —*— we obtain
\/2gh

1 \/2gh
o (gr1 + v sgn(u)xg)2 dv

2

= \/\g_gﬂ /;2 <gx1 + Q/Qgihsgn(u)az:g)2 d¢ (3.5.46)

which is a positive definite quadratic form with respect to y; = gx; and y3 = sgn(u)+/ghxs.

2gm

Thus we have for some absolute constant C > 0

fz—; /1 ; (g:c1 +€y/2gh Sgn(u)fcs)2 dg

h 2 2
> Cﬁ ((9%) + Qghx3>
\/E 5 . 29 2
> C’m ((gxl) + W (g — uxy) )
Vgh 2

= Oﬁ (gxf + 7 (x9 — uml)Q) (3.5.47)

and by (3.5.39) (3.5.46) (3.5.47), we get

Lenrwee (n"w) @) XX

> C\/@ (gx% + }21 (29 — ux1)2> . (3.5.48)
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Besides, we have

1 ¢? h?
h E = .04
n(h,q) = <2h+g ) (3.5.49)
"(h,q) = Y hd (3.5.50)
n'(h,q 52 "9 ) 5.
'l _q
n"(h,q) = (’"” tg 1’"‘2) , (3.5.51)
T hZ h
u? + _u
o' (h, hu) = (h "9 lh), (3.5.52)
T h h
and finally we get
n'(U)-X-X
w? , 1., 2u
= g -+ ﬁ T3 + EI'Q W'xle
1
= g;(;% + E (:L’Q — u.l’l)z . (3553)
Thus we find that
[ienroye () ()] = =o' ©) (35.54)
A )= Ve m 5.

At this point, with the last estimate we obtain that (3.5.26) holds, and therefore we have

the result (3.5.10) for all Uy, Us € ﬁ; such that |u; — us| < v/ghy,, with the constant «,, =

f gh,,, where C' > 0 is an absolute constant.

Thus, it is now sufficient to prove that

dag > 0, VUl, U, € uhm’hMmM,
luy — ua| > \/ghm
1
:‘/ I3 ( H(M,) —n'(Uy) (5) (M, — Ml)) d¢ > ay. (3.5.55)

106



3.5 Appendix

Indeed, when (3.5.55) holds, we have

(n(Us2) = n(U1r) —n'(Ur) (Us — Uh))
_ g(hQ —th) i h2 (UQ —2U1)

< Slhunwn) [ ( My) — H(My) — o (U3) @ (M - M1>) d¢ (3.5.56)

which proves (3.5.10). Using reductio ad absurdum, we suppose (3.5.55) does not hold. Thus

Vn >0, 33U, Uy € Un,, hapun» Such that

1 1
and / €] ( H(MY) —n'(U7) (5) (M3 — Ml”)) dé < — (3.5.57)
where M = M(U",€).
As Un,, hyuyy 15 @ closed and bounded set, we can take 2 subsequences which we also denote

UT, U3 such that
Uf — Uy SH U2n — Uy, e U, (3558)

|ur — uz| > 4/ ghm (3.5.59)

with

and by dominated converge theorem

/ I3 ( H(M) —n'(Uh) (2) (M, — Ml)) d§ = 0. (3.5.60)

We also know by (3.5.1) that

/ ra( H(M,) o (0) (2) <M2—M1>> it

> [ 1€ 20y + M) (My = Mo)de (3.5.61)
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and therefore we get
(2M, + My) (M; — M5)*> =0 almost everywhere (3.5.62)

itself implying that M; = My a.e. and therefore U; = Us, the later being in contradiction with
(3.5.59). O

Lemma 3.7. Let g > 0 be the gravity constant. One has

(€ —w)?
/(£—u1)2>2gh1 €| M (Us, &) (2 — 9h1> d&

A : gvh2 )(g|h1—h2|+<lu2|+\/2972)yu1—u2|+2|u§—u§|> (3.5.63)

for every Uy = (hy, hiuy), by > 0 and Uy = (hg, hous), he > 0, where M(U,§) is defined in
(3.1.8).

Proof. We set .
K = glhy — ho| + (Jua| + 1/2gh2)|us — us| + §|u% — ug ) (3.5.64)

Thus we can rewrite (3.5.63) as
/ [€1M (U, €) (“ . gh1> dg
(§7U1)2>2gh1 2
4 5
< — \/2gho) K2 3.5.65
= gﬂ_\/ﬁﬂuﬂ + g 2) ( )

for every Uy, Us € Up,, hyy oy, defined by (3.1.30).
We notice that V€ € supp(Ms), one has [£| < |uz| + /2gh2 and we get

o a2)
!

<K (3.5.66)

with K defined by (3.5.64). Moreover using that £ € supp(M;)°Nsupp(Ma) iff gho — % >0
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and % — ghy > 0, we get
PR
0< ghy — (€ 2U2)
2 2
w2 w2
< K.
Similarly we obtain
2
0< (€ —w)? h
2
< K.

Finally using (3.1.8), (3.5.67) and (3.5.68), we get

/ €M (U2, ) (W - ghl) d
(§—u1)?>29M 2

— )2 1/2 —up)?
v 0 (o - E0) " ()

B gm J(E—u1)2>2ghy 2

V2 .
< 97(|U2| +1/2gh2) [supp(M;)“ N supp(Ms)| K32,

Thus it is now sufficient for getting (3.5.65) to prove that

4K
2ghs .

|supp(M;)“ N supp(Ma)| <

:

Moreover from (3.5.67) one has for £ € supp(M;)® Nsupp(Ms) that
P(€) <0

where

(f - U2)2

- K.
2

P(§) = ghy —

- gh1> dg

(3.5.67)

(3.5.68)

(3.5.69)

(3.5.70)

(3.5.71)

(3.5.72)

We notice that when £ = uy, P reaches a maximum equals to ghs — K, and we distinguish:
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e if K < ghsy, then the maximum of P is positive and using (3.5.71) we get that for
¢ € supp(M;)© N supp(Ms) we have

5 c |:U/2 — 1/ Qghg, 7”1] U [TQ, U2 -+ 29h2:| (3573)
with 7 < u < ro € R are such that P(r;) = P(ry) = 0, we have us — 1/2ghs < 11 because

P(us —+/2ghy) = —K < 0 and ry < us ++/2ghs because P(us++/2ghs) = —K < 0. This
configuration is illustrated in the following picture.

ghQ—K ********************

Ug —

Graph of £ — P(§) when K < ghs

Thus
| supp(M7)° N supp(Ms)| < |r; — <u2 — \/29h2> + |ug + 1/2ghg — 13| . (3.5.74)
We set
N 2K
T1 = uy —\/2ghs + (3.5.75)
2gh2
and we notice that oK
< 4/2gh 3.5.76
VvV 2gh2 gi ( )
because of the assumption K < ghs. Thus we obtain that
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Moreover
~ 2
71— U
9h2—7(1 5 2)
1 oK \?
= gho — = | —1/2gh —_—
gha 2( gho + Tgh)
K? K
= 42K =K |—+2
gho ( gha )

and again using the asumption K < ghs we notice that

K
—4+2>1
gha

therefore R )
(F1 — us)
2

which means that P(7;) > 0. In consequence, using (3.5.77), we deduce that

ghy — > K

r < 7 < Usg.

Similarly we set
2K
To = Uy + 1/20hy — ———
2 2 T/ 2gh2 29hs

and by the same arguments we obtain that
Uy < To < Ty.
Putting together (3.5.81) and (3.5.83), we get

ry — <u2 — \/2g72)
7y — <u2 - \/2972>

+

Ug + 29h2 — T9

< + |ug + 1/ 2ghy — 79

(3.5.78)

(3.5.79)

(3.5.80)

(3.5.81)

(3.5.82)

(3.5.83)

(3.5.84)
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Finally, using (3.5.74), we get

| supp(M;)“ N supp(Ms)| < |7y — <U2 —/ 29h2> + |ug + 1/2ghy — 79
4K
< . 3.5.85
< 2l (3:5.85)

o if K > ghy then

[supp(My)° (1 5upp(Ma)| < [supp(Ma)] < 21/29he =222k < —oe (35.80)
which concludes (3.5.70) and the proof.
O
Lemma 3.8. There exists some C' > 0 depending only on g, h,,, har, upyr such that
g’m? 2
16155 (20 + M) (0 — M)
>( <g(h2_2’“>2 + hmw> . (3.5.87)

for every Uy , Uy € Up,, hyyua, defined by (3.1.30) and where My, = My(§) = M(Uy,§), with
M(U,§) defined in (3.1.8).

Proof. Let Uy,Us € Un,, by - We use Lemma 3.5 and get

/]R |5|g 5 (2M; + M) (My — My)*d¢

- [ 1¢ (H(M» — H(M) — o (U) @ (M, - M1)> d

(€ - Ul)2
- |EIM (Us, §) | ghy — ———— | d&. (3.5.88)
(6—u1)2>2ghy 2
We first we deal with the case
Uy, Uy such that |k —h|<iand|u —u|<L (3.5.89)
1, U2 1 2_4612 1 2_46’22 0.

where C}, C5 are positive constants depending on ¢, hym, har, ups such that 46’22 > \/lh—
ghm

In this case, we are going to estimate the right-hand side of (3.5.88). On the one hand, in order
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to estimate the first term in the RHS of (3.5.88), we apply Lemma 3.6 and since 4622 > 1h
ghm

we are in the case (3.5.12) and we get

/R I3 (H(M2> — H(My) —n'(Uy) (2) (M — Ml)) d§

> (N(Uz) = n(Ur) —1'(Ur) (Ua — Uh))

h —h 2 - 2
=y, (g( 2 7 ) +h17(UQ 2u1) )

> a,, <g(h2_2h1)2 n hm(“2_2“1)2> (3.5.90)

with a,, = % gh,, and C' > 0 and absolute constant. One may notice that in order to obtain

the last inequality we only used the fact that h; > h,,. On the other hand, in order to estimate
the second term in the RHS of (3.5.88), we use Lemma 3.7 and obtain

(& —w)®
/(§_m)2>2gh1 €| M (Us, £) (2 — gh1> d&

4 (Jua] + v29%2) RN
< S (ol =l e+ R =l + gl )

Nt

S Cl(hm, hM, UM) (g|h1 — hg‘ + Cg(hm, hM, uM)]ul — UQD (3591)
with
Oy ) 4(]uM|—|—\/2ghM)
my 7u = )
e B 00 = e
where uy;, = Z—M Using Hoélder inequality on R? we get that for a,b > 0, (a + b)*/? <
23/2(a®? 4+ /%), we get

£ —w)?
/ €1M (U2, €) <(1> — gy ) d
(€—u1)2>2gh1 2
S 23/2C1(hm, hM,UM> (gg|h1 - thg + CQ(hma hM7uM)g‘u1 - U’2|g) : (3593>
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Thus, putting together the two estimates (3.5.90) and (3.5.93) of the RHS of (3.5.88), we get

927.(.2
/R 19 G (2My + My) (My — My)?de

_ 2 _ 2
S ACET

= 252C (B, b, uar) (9% by = hol® + Co(hm, hag, uag) 3 fuy — uo?)
hy — hy)? ~ 1
_ amg<221) (1 — Cy|hy — h2‘§>

thQ—U12
( . ) (

+ap, 1= Coluy — ua?) (3.5.94)

with

o C' > 0 an absolute constant, (3.5.95)

C
= —=\/9hm;
\/§7T g

and

_ 2HICy (hyy, bt uar) g
e U 7
_ 2B 3Cy(h,,, h 3
CQ _ Cl( I MauM)g 02( I M,'U,M) . (3596)

amg

From (3.5.94), using that we deal with Uy, U, satisfying (3.5.89), we get

(5 - U1)2
/(MPWM €M (U, €) (2 - ghl) d¢

> dm <g(h2 — M), (- “1)2> . (3.5.97)

-2 2 2

At this point we have the result (3.5.87) for all Uy, Uy € Up,, .y, satistying (3.5.89). Thus, it

is now sufficient to prove that

Jdag >0, VU, Uy € Up,, by, u, such that

1 1
hy — ho| > —= or |u; — ug| > —=,
= el AC? i = e AC?
9277'2
we have/]£| o (2M1 + My) (My — Mp)*d€ > an. (3.5.98)
R
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Indeed, this last inequality implies that

g(h2—2hl>2 . hm(u2—2“1>2
C(hM,UM)
< M / ,5‘7 (2M; + My) (M, — My)?de (3.5.99)

which proves (3.5.87). Using reductio ad absurdum as in the proof of Lemma 3.6, we suppose
that (3.5.98) does not hold. Thus

Vn >0, 33U, Uy € Un,, hapun»> Such that
ACP T — W3+ AC2 D — uf| > 1

9271'2
o (M M) (M — My)Pdg < (3.5.100)

S|

where M* = MU, §). As Up,, hasuns

which we also denote U7', U3’ such that

is a closed and bounded set, we can take 2 subsequences

Uln —U; € Um, U2n —U; e U, (35101)
with
A4C? hy — ho| + 4C2|uy — ug] > 1 (3.5.102)

and by dominated converge theorem

/ yg|7 (2M, + My) (M, — My)2d€ = 0. (3.5.103)
Therefore we get
(2M, + My) (M; — M5)*> =0 almost everywhere (3.5.104)

itself implying that M; = M, a.e. and therefore U; = Us, the later being in contradiction with
(3.5.102). O

Lemma 3.9. Let Uy, = (hg, hyug), k = 1,2 with hy > 0. Then

1 (U1,6) = M (U, ) dg
< M(
V9

=

g(ha — h1)? + min(hy, ho)(uz — w)?)* | (3.5.105)
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with M (U, &) defined in (3.1.8).
Proof. Let us recall some result from [7]

/ MUy, €) (M(Uy, &) — M(Usy, €))% d¢

(9(ha = h1)? + min(hy, ha)(uz — uy)?) .

<

92 T2

We compute

/| (U1, 8) — M(Us, €)]) d§
< |M1—M2|d§+/M>0|M1—M2|d§

M:>0

1 1/2 ) 1/2
< Ly ) ( M, (M, — M) d )
- (/M1>O My $ M;>0 1( ! 2) ¢

1 1/2 ) 1/2
([ ora) ([ MO - ) )
My>0 My M2>0

where last estimate is obtained by using Cauchy-Schwarz inequality.

Using the substitution v = \/Qg—h we get

’I.L-‘r 29h gﬂ-

1
/ Mwe)>0 M(U, f)df - /u—\/2g_h (2gh — (€ — u)2)1/2

_/ gm\/2gh
\/ﬁ v2)'/?

Now from (3.5.107), using (3.5.106) and (3.5.108), we get

1
dv = gﬂ[Arcsin(v)} = gm.
-1

LI (UL€) = M (U, )] d

\/5 2 : 2
<2. NG (g(h2 — h1)* 4 min(hy, ho)(uz — uy) )

N

i.e. we find (3.5.105), which concludes the proof.

Lemma 3.10. Let Uy = (hg, hyug), k = 1,2 with hy > 0. Moreover we set here

C = max |v|<1+02)%.
ve{ jual+/as fual+/gha |
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Then one has

2\/§C (g(hg — h1)2 -+ min(hl, hg)(Ug — U1)2)% s (35111)

[F(Ur) = F(U)] < 7

N|=

2
ﬁc

[FHU) - FH ()] < N

(g(ha — ho)? + min(hy, ho)(uz — u1)?)* | (3.5.112)

_ - 2/3 2 : 2
P (th) = F(h)| < \/gC(g(hg — hy)? + min(hy, ho)(up — ur)?)

NI

(3.5.113)

Proof. We recall that

FrU) = [ €l @ MU €)de,

Fo(U) = [ €le @ M(U, §)dg
and F(U) :/Rg (2) M(U, €)d. (3.5.114)

Thus the result is an immediate consequence of Lemma 3.9 and the fact that

1 1
V¢ € supp My N supp Mo, ‘5 ( ) < max €] (1 + 52)2
g {G{\u1|+\/gh1,|u2\+\/gh2}
=C (3.5.115)
with C' defined by (3.5.110). O

Lemma 3.11. Let (U") defined by (3.1.15)-(3.1.25) and Ua defined by (3.1.28). Let ¢ € D
and we assume (3.1.32)-(3.1.34). Then, under the CFL condition (3.1.27) there exists some
C > 0 depending only on ¢, g, by, har, upr, U, such that

Vi e [0,T], <Ual(t,-),¢><C. (3.5.116)
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Proof. Using (3.2.47) we get

< OUpr, ¢ >=A+ B (3.5.117)
with
1 [urtt —urtt —ur, 4+ U Tit1/2
A _ = i+1 1—1 i+1 i—1 / — . 511
> A N [ ot (35.118)
and | .
B=Y < [r 7] / 2 () da (3.5.119)
i At Ti—1/2
First we notice that
Tit1/2 Tit1/2
/ (@ = Tio12)d(x)dz = (2i31/2) Az — / b(x)d, (3.5.120)
Ti—1/2 Ti—1/2

where 1 is an antiderivative of ¢. Then, using last equality in (3.5.118), we get

1 [ T -UM U, + U

A= Z oy S As ] Ay Az, (3.5.121)

with Av; := (@i41/2) — == [o+1/2 (x)dx. Moreover, by making substitutions of indices we get

Az Ti—1/2

n+1 n
1 [ i+1 _Ui+1

A= Z 3 5 ] [Av; — Athiyo] . (3.5.122)

Next using that (U]") is a bounded sequence we get that

n n At —
U = U] < 0 (IFF @) e + F7 (U)o ) - (3.5.123)
Moreover we notice that A A
|¢_2w+2 < Az2Lip(¢), (3.5.124)
which enables us to get
] < 20)|(U2)li=Lip(6) (Azfsupps]) (3.5.125)

with C' > 0 a constant depending only on ¢. Finally using CFL, it is bounded. Next, from
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(3.5.119), we use (3.1.17) and we get

1 At
B = _Kt?x {Fi+1/2f - i71/2+} Az,

7

with ¢; := = [F+1/2 ¢(x)dz. Using (3.1.18)-(3.1.20) we get
Ax

Ti-1/2
B=Y—|Fiipp — Fiapi
- Z - {?i+1/2 - rfifl/?} i + Z - [Si+1/2f - 1'71/24 b;

= Z —TFiv12 [0 — Giga] + Z - [S¢+1/2— - i—1/2+] Gi-

Moreover

|¢i — ¢ir1| < AxLip(e)

and
\Sz‘+1/2— - 57:—1/2+| < Clzig — 2| < C|Ax)|.

Furthermore, using that (U") is a bounded sequence we get

1B] <C (|F*(U)lloe + [ F~(0)llo) Lip(9) + C1l 5 16

with C' depending only on ¢.

(3.5.126)

(3.5.127)

(3.5.128)

(3.5.129)

(3.5.130)

Lemma 3.12. Let Upx = (ha, haua) be the approximate solution of (3.1.1) defined by (3.1.28)
and Sx be the approzimate source defined by (3.3.7). We assume that there exists U such that

Ua tends to U a.e. and in Lj,,., as Ax, At — 0. Then we get that

Vo(t, zt) € D(R?), / / Salt,x)odtdr  — / / S(t, 2)o(t, z)dtdz,

with S(t,z) = ! .
—gh0.z

(3.5.131)
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Proof. Let ¢(t,x) € D(R?). We study the following integral
N+1 i1+1
[ Satt.yddds = 3> 3" AtAw (Siaje +Sipr) 60

n=0 i=ig—1

tnt1 i+1/2

with ¢ = / / ’ ¢(t, x)dtdz. Next we develop and make a translation over index
At A:L’ tn Ti—1/2

i and we get

Z Z AtAz (Si+1/2f + Si71/2+) Gi
= Z AtAzx Z Sit1/2-¢i + Z AtAx Z Si—1/2+ 0,

=Y AtAx Z Sitijo-¢i + Y AtAx Z Sit1/24+Pig1-

Then we notice that |¢},; — ¢'| < C Az with constant C' > 0 and we obtain that

| / / Salt, n)odtdz — 373" AtAT (Siiaje- + Sivajar) 64

<CAz ) At > SiapiAz. (3.5.132)

n,tn ESuppP 1,511 /2 €ESUPPP

Since Sjj1/2+ is bounded the RHS tends to 0. Next, for Aw, 2,41 — | small enough, we have

on the one hand

h12+1/2— hj

hi P — % 2 h?
:g( tz 5 Zi1p2)” gé, (by assumption (3.1.32))
=9(2z — zit1/2) (hi + W) . (3.5.133)

On the other hand, as in (3.5.133), we obtain

hii _ h?+1/2+
2 2

(3.5.134)

Zi41 — Zi4+1/2
AzSH 1y, =g /> :

= —9(zip1 — ziy1/2) <hi+1 + 5
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Moreover noticing that h; 11 = h; + (hip1 — hyi), with (3.5.133),(3.5.134) we get

Z Z AtAz ( it1/2— T S+1/2+> b;

Gz G zne) g

R} = —g(zip1 — ziz1y2) (R — hi) + g 2 2

First term in the RHS of (3.5.135) converges to the source term:

- Z Z Atg(zig1 — zi)hidi = Z Z AtAz ZZHA hid

= //— x)dr — //— Jo(x)dx,
the convergence holds because we supposed ha — h, in L} and dZAx ) dz(m) in L° . In order

to conclude, according to (3.5.132) we need to prove that the remaining terms >, >, AtAx R} ¢;
tend to 0 as At, Az — 0.
USiIlg that 0 S ZZ‘+1/2 — Zi4+1 S |Zi+1 - Zi’, 0 S zi+1/2 — Z; < |Zi+1 — Zi’ and ‘Zz'+1 - Zz’| S CAJI,

we get:
|R!'| < CAx |hiy1 — hi| + CAZ? (3.5.137)
and
ZAtR?gbi < C’ZZAtAm \Rip1 — hi| + CZZ AtAZ? |p5)] . (3.5.138)
On the one hand we have
3 Z AtAZ |hiyy — hi| ¢ = O(AzY?), (3.5.139)

using Cauchy Swartz and 3, 32, At(hiy1 — hs)? < C, see (3.2.3).
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On the other hand we have

DD AtAx?¢;| < Al|glln (3.5.140)

Thus
DD AtRi¢; — 0, (3.5.141)
which concludes the proof. n
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